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Abstract

Two graphs G and H are homomorphism indistinguishable over a class of graphs F if for all graphs F' € F
the number of homomorphisms from F' to G is equal to the number of homomorphisms from F to H.
Many natural equivalence relations comparing graphs such as (quantum) isomorphism, spectral, and logical
equivalences can be characterised as homomorphism indistinguishability relations over certain graph classes.

Abstracting from the wealth of such instances, we show in this paper that equivalences w.r.t. any self-
complementarity logic admitting a characterisation as homomorphism indistinguishability relation can be
characterised by homomorphism indistinguishability over a minor-closed graph class. Self-complementarity
is a mild property satisfied by most well-studied logics. This result follows from a correspondence between
closure properties of a graph class and preservation properties of its homomorphism indistinguishability
relation.

Furthermore, we classify all graph classes which are in a sense finite (essentially profinite) and satisfy
the maximality condition of being homomorphism distinguishing closed, i.e. adding any graph to the class
strictly refines its homomorphism indistinguishability relation. Thereby, we answer various questions raised
by Roberson (2022) on general properties of the homomorphism distinguishing closure.

1. Introduction

In 1967, Lovész [1] proved that two graphs G and H are isomorphic if and only if they are homomor-
phism indistinguishable over all graphs, i.e. for every graph F', the number of homomorphisms from F' to G
is equal to the number of homomorphisms from F to H. Since then, homomorphism indistinguishability
over restricted graph classes has emerged as a powerful framework for capturing a wide range of equivalence
relations comparing graphs. For example, two graphs have cospectral adjacency matrices iff they are homo-
morphism indistinguishable over all cycles, cf. [2]. They are quantum isomorphic iff they are homomorphism
indistinguishable over all planar graphs [3].

Most notably, equivalences with respect to many logic fragments can be characterised as homomorphism
indistinguishability relations over certain graph classes [4, 5, 6, 7]. For example, two graphs satisfy the
same sentences of k-variable counting logic iff they are homomorphism indistinguishable over graphs of
treewidth less than k& [8]. All graph classes featured in such characterisations are minor-closed and hence of
a particularly enjoyable structure. The main result of this paper asserts that this is not a mere coincidence:
In fact, logical equivalences and homomorphism indistinguishability over minor-closed graph classes are
intimately related.

To make this statement precise, the term ‘logic’ has to be formalised. Following [9], a logic on graphs is
a pair (L, =) of a class L of sentences and an isomorphism-invariant? model relation = between graphs and
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Closure property of F Preservation property of = Theorem
taking minors complements Theorem 8
taking summands disjoint unions Theorem 7
taking subgraphs full complements Theorem 13
taking induced subgraphs left lexicographic products Theorem 14
contracting edges right lexicographic products Theorem 15

Table 1: Overview of results on equivalent properties of a homomorphism distinguishing closed graph class F and of its
homomorphism indistinguishability relation =x.

sentences. Two graphs G and H are L-equivalent if G |= ¢ iff H |= ¢ for all ¢ € L. One may think of a logic
on graphs as a collection of isomorphism-invariant graph properties. We call a logic self-complementary if
for every ¢ € L there is an element % € L such that G |= ¢ if and only if G |= %. Here, G denotes the
complement graph of G. Roughly speaking, a fragment /extension L of first-order logic is self-complementary
if expressions of the form Ezy can be replaced by —Ezy A (x # y) in every formula while remaining in L.
This lax requirement is satisfied by many logics including first-order logic, counting logic, second-order logic,
fixed-point logics, and bounded variable, quantifier depth, or quantifier prefix fragments of these. All these
examples are subject to the following result:

Theorem 1. Let (L, ) be a self-complementary logic on graphs for which there exists a graph class F such
that simple graphs are homomorphism indistinguishable over F if and only if they are L-equivalent. Then
there exists a minor-closed graph class F' whose homomorphism indistinguishability relation coincides with
L-equivalence.

Theorem 1 can be used to rule out that a given logic has a homomorphism indistinguishability char-
acterisation (Corollary 19). Furthermore, it allows to use deep results of graph minor theory to study the
expressive power of logics on graphs (Theorem 25).

Theorem 1 is product of a more fundamental study of the properties of homomorphism indistinguisha-
bility relations. In several instances, we show that closure properties of a graph class F correspond to
preservation properties of its homomorphism indistinguishability relation =z. These efforts yield answers
to several open questions from [10]. A prototypical result is Theorem 2, from which Theorem 1 follows. For
further results in the same vein, see Table 1.

Theorem 2. Let F be a homomorphism distinguishing closed graph class. Then F is minor-closed if and
only if =5 is preserved under taking complements, i.e. for all simple graphs G and H it holds that G =5 H
if and only if G = H.

Here, the graph class F is homomorphism distinguishing closed [10] if for every K ¢ F there exist graphs
G and H which are homomorphism indistinguishable over F but differ in the number of homomorphisms
from K. In other words, adding even a single graph to F would change its homomorphism indistinguishability
relation.

Proving that a graph class is homomorphism distinguishing closed is a pathway to separating equivalence
relations comparing graphs [11]. However, establishing this property is a notoriously hard task. Thus, a
general result establishing the homomorphism distinguishing closedness of a wide range of graph classes
would be desirable. In [10], Roberson conjectured that every graph class closed under taking minors and
disjoint unions is homomorphism distinguishing closed. At present, this conjecture has only been verified
for few graph classes [10, 12].

Our final result confirms Roberson’s conjecture for all graph classes which are in a certain sense finite.
The expressive power of homomorphism counts from finitely many graphs is of particular importance in
practice. Applications include the design of graph kernels [13], motif counting [14, 15|, or machine learning
on graphs [16, 17, 18]. A theoretical interest stems for example from database theory where homomorphism
counts correspond to results of queries under bag-semantics [19, 20|, see also [21].

Since every homomorphism distinguishing closed graph class is closed under taking disjoint unions,
infinite graph classes arise inevitably when studying homomorphism indistinguishability over finite graph
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classes. We introduce the notions of essentially finite and essentially profinite graph classes (Theorem 26)
in order to capture the limited behaviour of graph classes arising from finite graph classes. Examples for
essentially profinite graph classes include the class of all minors of a fixed graph and the class of cluster
graphs, i.e. disjoint unions of arbitrarily large cliques. In Theorem 27, the essentially profinite graph classes
which are homomorphism distinguishing closed are fully classified. Thereby, the realm of available examples
of homomorphism distinguishing closed graph classes is drastically enlarged. This classification has the
following readily-stated corollary:

Theorem 3. Every essentially profinite union-closed graph class F which is closed under taking summands?
18 homomorphism distinguishing closed. In particular, Roberson’s conjecture holds for all essentially profinite
graph classes.

2. Preliminaries

All graphs in this article are finite, undirected, and without multiple edges. A simple graph is a graph
without loops. A homomorphism from a graph F to a graph G is a map h: V(F) — V(G) such that
h(u)h(v) € E(G) whenever uv € E(F) and vertices carrying a loop are mapped to vertices carrying a loop.
Write hom(F,G) for the number of homomorphisms from F' to G. For a class of graphs F and graphs
G and H, write G =r H if hom(F,G) = hom(F,H) for all F € F, i.e. G and H are homomorphism
indistinguishable over F. With the exception of Section 3.3, the graphs in F as well as G and H will be
simple. Following [10], the homomorphism distinguishing closure of F is

cl(F) := {K simple graph | V simple graphs G, H. G =z H = hom(K,G) = hom (K, H)}.

Intuitively, cl(F) is the “largest” graph class whose homomorphism indistinguishability relation coincides
with the one of F. A graph class F is homomorphism distinguishing closed if cl(F) = F. Note that cl is
a closure operator in the sense that cl(F) C cl(F') if F C F’ and cl(cl(F)) = cl(F) for all graph classes F
and F'. Furthermore, the following inclusions hold (and cannot be reversed, cf. Example 34):

Lemma 4. Let I be an arbitrary index set and let (F;)icr be a family of graph classes. Then

cl <ﬂ ]-"i) ClF) and | Jcl(F) Cel <U ]—"i> :
il iel iel iel

Proof. Any intersection of homomorphism distinguishing closed graph classes is homomorphism distinguish-
ing closed [10, Lemma 6.1]. Hence, [, cl(F;) is closed and it suffices to observe that (), ; Fs € ;< cl(Fi).
For the second claim, F; C | J;o; Fi and hence cl(F;) C cl(U,c; Fi) for j € 1. O

For graphs F' and K, F is said to be K-colourable if there is a homomorphisms F — K. F and K are
homomorphically equivalent if there are homomorphisms F — K and K — F.

For graphs G and H, write G + H for their disjoint union and ]_[ie[n] G; = G1+ -+ G, for graphs
Gy,...,G,. We write G x H for the categorical product of G and H,i.e. V(G x H) :=V(G) x V(H) and gh
and ¢’h’ are adjacent in G x H iff g¢’ € E(G) and hh' € E(H). The lexicographic product G - H is defined
as the graph with vertex set V(G) x V(H) and edges between gh and ¢'h’ iff g = ¢’ and hh' € E(H) or
g9’ € E(G). Tt is well-known, cf. e.g. [22, (5.28)—(5.30)], that for all graphs F}, F5, G1, G2, and all connected
graphs K, the following equalities hold:

hom(F; + F3,G) = hom(F;, G) hom(Fy, G), (

hom(F, Gy x G3) = hom(F, G1) hom(F, Gs), and
hom(K, G+ G2) = hOIIl(I(7 Gl) + hOHl(I(7 Gg) (3)

—~
[N
~— ~—

3A graph class F is closed under taking summands if for every F' € F which is the disjoint union of two graphs Fy + Fp = F
also Fi, Fs € F.



The complement of a simple graph F is the simple graph F with V(F) = V(F) and E(F) = (V(QF)) \E(F).
Observe that I = F for all simple graphs F. The full complement of a graph G is the graph G obtained
from G by replacing every edge with a non-edge and every loop with a non-loop, and vice-versa.

The quotient F/P of a simple graph F' by a partition P of V(F) is the simple graph with vertex set P
and edges PQ for P # Q iff there exist vertices p € P and g € @ such that pg € E(F). For a set X, write
II(X) for the set of all partitions of X. A graph F’ can be obtained from a simple graph F' by contracting
edges if there is a partition P € II(V(F)) such that F[P] is connected for all P € P and F’ = F/P.

For a graph F and a set P C V(F), write F[P] for the subgraph induced by P, i.e. the graph with vertex
set P and edges uv if u,v € P and uwv € E(F). A graph F’ is a subgraph of F, in symbols F' C F if
V(F') CV(F) and E(F') C E(F). A minor of a simple graph F is a subgraph of a graph which can be
obtained from F' by contracting edges.

Let F be a simple graph with edge uwv € E(F). The graph obtained from F by subdividing uv is the
graph F’ with vertex set V(F’) .= V(F) U {w} and E(F’) := (E(F) \ {w}) U {uw,wv}. A graph F’ is a
subdivision of a simple graph F' if it can be obtained from F' by repeatedly subdividing edges.

Fact 5 (Inclusion-Exclusion). Let Aj,..., A, be subsets of a finite set S. For A C S, write A .= S\ A.
Then

N

icl

N4l =Isi+ > (-pl .
i€[n]

0£1C[n]

3. Closure Properties Correspond to Preservation Properties

This section is concerned with the interplay of closure properties of a graph class F and preservation
properties of its homomorphism indistinguishability relation =x. The central results of this section are
Theorem 2 and the other results listed in Table 1.

The relevance of the results is twofold: On the one hand, they yield that if a graph class F has a certain
closure property then so does cl(F). In the case of minor-closed graph families, this provides evidence for
Roberson’s conjecture [10]. On the other hand, they establish that equivalence relations comparing graphs
which are preserved under certain operations coincide with the homomorphism indistinguishability relation
over a graph class with a certain closure property, if they are homomorphism indistinguishability relations
at all. Further consequences are discussed in Sections 3.5 and 4. Essential to all proofs is the following
Lemma 6:

Lemma 6. Let F and L be classes of simple graphs. Suppose L is finite and that its elements are pairwise
non-isomorphic. Let a: L — R\ {0}. If for all simple graphs G and H

G=rH = Z arhom(L,G) = Z ar hom(L, H)
LeL LeL

then £ C cl(F).

Proof. The following argument is due to [23, Lemma 3.6]. Let n be an upper bound on the number of vertices
of graphs in £ and let £’ denote the class of all graphs on at most n vertices. By classical arguments [1],
cf. [22, Proposition 5.44(b)|, the matrix M := (hom(K, L))k rer is invertible. Extend « to a function
o L7 — R by setting o/ (L) :== a(L) forall L € £ and o/ (L) :==0forall L' € L'\ L. By Eq. (2),if G=r H
then G x K =x H x K for all graphs K. Hence, by Eq. (2),

Z hom(L, K)ar hom(L,G) = Z hom(L, K)oy hom(L, H).
LeLl’ Lel!

Both sides can be read as the product of the matrix MT with a vector of the form (ay hom(L,—))rer.
By multiplying from the left with the inverse of M7, it follows that ay hom(L,G) = oy hom(L, H) for all
L € £ which in turn implies that hom(L, G) = hom(L, H) for all L € £. Thus, £ C cl(F). O
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Figure 1: Relationship between closure properties of homomorphism distinguishing closed graph classes. The non-obvious
implications are dashed and proven in Lemmas 12 and 18.

In the setting of Lemma 6, we say that the relation =# determines the linear combination ) ; - » ar hom(L, —).
Note that it is essential for the argument to carry through that the elements of £ are pairwise non-isomorphic
and that ay, # 0 for all L. Efforts will be undertaken to establish this property for certain linear combinations
in the subsequent sections.

3.1. Taking Summands and Preservation under Disjoint Unions

In this section, the strategy yielding the results in Table 1 is presented for the rather simple case of
Theorem 7. This theorem relates the property of a graph class F to be closed under taking summands
to the property of =7 to be preserved under disjoint unions. This closure property is often assumed in
the context of homomorphism indistinguishability [24, 10] and fairly mild. It is the most general property
among those studied here, cf. Fig. 1. Theorem 7 answers a question from [10, p. 7] affirmatively: Is it true
that if =z is preserved under disjoint unions then cl(F) is closed under taking summands?

Theorem 7. For a graph class F and the assertions

1. F is closed under taking summands, i.e. if Fy + Fy € F then Fy, F; € F,

2. =5 is preserved under disjoint unions, i.e. for all simple graphs G, G', H, and H', if G =5 G’ and
H=rH then G+ H=7rG + H',

3. cl(F) is closed under taking summands,

the implications 1 = 2 < 8 hold.

Proof. The central idea is to write, given graphs F, G, and H, the quantity hom(F, G + H) as expression in
hom(F’, G) and hom(F’, H) where the F’ range over summands of F'. To this end, write ' =Cy +---+ C,
as disjoint union of its connected components. Then,

hom(F, G + H) 2 [[ hom(C;, G + H) € [ (hom(C:, &) + hom(Cy, H))

i=1

) Z hom(HCi,G) hom( H Ci,H). (4)

IC[r] i€l i€r]\1

In particular, if F is closed under taking summands then [[,.; C; € F for all I C [r]. Thus, 1 implies 2.

Assume 2 and let F' € cl(F). Write as above F = C; + --- 4+ C, as disjoint union of its connected
components. By the assumption that =7 is preserved under disjoint unions, for all graphs G and G, if
G =5 G' then G+ F =5 G’ + F and hence hom(F, G+ F) = hom(F, G’ + F). By Eq. (4) with H = F, the
relation =5 determines the linear combination ;¢ hom([];c; Ci, =) hom([1,¢},q\; Cis F). Note that it
might be the case that [[,.; C; =[] jed C; for some I # J. Grouping such summands together and adding
their coefficients yields a linear combination satisfying the assumptions of Lemma 6 since hom(C;, F') > 0
for all i € [r]. Hence, [],.; C; € cl(F) for all I C [r] and 3 follows.

The implication 3 = 2 follows from 1 = 2 for cl(F) since =x and = (#) coincide. O

The proofs of the other results in Table 1 are conceptually similar to the just completed proof. The
general idea can be briefly described as follows:



1. Derive a linear expression similar to Eq. (4) for the number of homomorphisms from F' into the graph
constructed using the assumed preservation property of =z, e.g. the graph G + H in the case of
Theorem 7. These linear combinations typically involve sums over subsets U of vertices or edges of F,
each contributing a summand of the form apy hom(Fy, —) where ay is some coefficient and Fyy is a
graph constructed from F' using U. Hence, if F is closed under the construction transforming F to
Fy then =7 has the desired preservation property.

2. In general, it can be that Fyy and Fy/ are isomorphic even though U # U’, e.g. in Eq. (4) if F contains
two isomorphic connected components. In order to apply Lemma 6, one must group the summands
ay hom(Fy, —) by the isomorphism type F’ of the Fyy. The coefficient of hom(F’, —) in the new
linear combination ranging over pairwise non-isomorphic graphs is the sum of ay over all U such
that Fyy = F/. Once it is established that this coefficient is non-zero, it follows that if =7 has the
preservation property then cl(F) has the desired closure property.

3.2. Taking Minors and Preservation under Complements

The strategy outlined in the previous section is now applied to prove Theorem 8, which implies Theorem 2.
This answers a question of Roberson [10, Question 8] affirmatively: Is it true that if F is such that =F is
preserved under taking complements then there exist a minor-closed F’ such that =7 and =z coincide.

Theorem 8 is among the first results substantiating Roberson’s conjecture not only for example classes
but in full generality. In particular, as noted in [10, p. 2], there was little reason to believe that minor-closed
graph families should play a distinct role in the theory of homomorphism indistinguishability. Theorem 8
indicates that this might be the case. Indeed, while Roberson’s conjecture asserts that cl(F) coincides
with F for every minor-closed and union-closed graph class F, Theorem 8 yields unconditionally that cl(F)
is a minor-closed graph class itself.

Theorem 8. For a graph class F and the assertions

1. F is closed under edge contraction and deletion,

2. =z is preserved under taking complements, i.e. for all simple graphs G and H it holds that G =r H
if and only if G =5 H,

3. cl(F) is minor-closed,

the implications 1 = 2 < 3 hold.

The strategy is to write hom(F,G) as a linear combination of hom(F’, G) for minors F’ of F. This is
accomplished in two steps: First, we consider the full complement G of G in which not only every edge of G
is replaced by a non-edge (and vice versa) but also every loop is replaced by a non-loop (and vice versa).
Secondly, we consider for a simple graph G the looped graph G° obtained from G by adding a loop to every
vertex. The fact that G° = G motivates this two-step approach.

Lemma 9 ([22, Equation (5.23)]). For every graph G and every simple graph F,

hom(F,G) = > (=) EE ) hom(F', G).
F'CF s.t. V(F")=V(F)

Proof. Write S for the set of all maps V(F') — V(G). For e € E(F), write A, C S for set of all maps h such
that the image of e under h is an edge or a loop in G. It holds that h & A, if and only if e is mapped under h

either to two non-adjacent vertices or to a single vertex without a loop. Hence, hom(F, CA?) = ‘ﬂee B(F) A76‘

The claim follows from the Inclusion-Exclusion Principle (cf. Fact 5) noting that |S| = hom(|F|K7, G) and
’ﬂee 5 A€| for some F’ C F is the number of homomorphisms from the graph F’ to G which is obtained by
deleting all edges from F' which are not in F”. O

In light of Lemma 9, it suffices to write hom(F, G°) as a linear combination of hom(F’, G) for minors F’
of F. To ease bookkeeping, we consider a particular type of quotient graphs. For a simple graph F' and a
set of edges L C E(F), define the contraction relation ~p on V(F) by declaring v ~ w if v and w lie in
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the same connected component of the subgraph of F' with vertex set V(F) and edge set L. Write [v] for
the classes of v € V(F) under the equivalence relation ~,.

The contraction quotient F' @ L is the graph whose vertex set is the set of equivalence classes under ~p,
and with an edge between [v];, and [w]y, if and only if there is an edge xy € E(F) \ L such that  ~, v and
y ~r, w. In general, FF @ L may contain loops, cf. Example 11. However, if it is simple then it is equal to
F/P where P is the partition of V(F) into equivalence classes under ~p, i.e. P := {[v]r | v € V(F)}. In
this case, F @ L is a graph obtained from F by edge contractions.

With this notation, the quantity hom(F, G°) can be succinctly written as a linear combination. Using
Lemma 9 and Theorem 10, Theorem 8 can be proven by the strategy described in Section 3.1.

Theorem 10. Let F' and G be simple graphs. Then

hom(F,G°) = Z hom(F © L, G).
LCE(F)

Proof. The proof is by establishing a bijection between the set of homomorphisms h: F' — G° and the set
X of pairs (L, ¢) where L C E(F) and ¢: F @ L — G is a homomorphism.

Claim 10.1. The map which associates a homomorphism h: F — G° with the pair (L,p) € X consisting
of the set L == {e € E(F) | |h(e)] = 1} and the homomorphism ¢: F @ L — G, [z];, — h(x) is well-defined.

Proof of Claim. First observe that if v,w € V(F) are such that v ~p w then h(v) = h(w). Indeed, if wlog
v # w then there exists a walk vuy,ujus,...,upw € L. By construction, |h(vuy)| = |h(uiuz)] = -+ =
|h(upw)] = 1 and hence h(v) = h(w). In particular, F' @ L is a simple graph without any loops. Indeed, if
vw € E(F) are such that v ~ w then h(v) = h(w) and hence vw € L.

The initial observation implies that ¢ is a well-defined map V(F @ L) — V(G). It remains to argue that
¢ is a homomorphism F @ L — G. Indeed, if [v]L # [w]L are adjacent in F' @ L then there exist  ~1 v and
y ~r, w such that xy € E(F) \ L. Hence, h maps zy to an edge in G°, rather than to a loop. In particular,
© maps [v]r, and [w]r, to an edge in G. 4

Claim 10.2. The map h— (L, @) described in Claim 10.1 is surjective onto X.

Proof of Claim. Let L C E(F) and ¢: F @ L — G be a homomorphism. Observe that this implies that
F @ L is without loops. Let w: V(F) — V(F © L) denote the projection v — [v]r. It is claimed that
h = p o is a homomorphism F — G°. Let zy € E(F). If x ~1, y then the image of zy under h is a loop
since then 7(z) = 7(y). If x 4, y then in particular zy ¢ L and there is an edge between [z];, and [y];, in
F @ L. Since ¢ is a homomorphism, h(z) and h(y) are in both cases adjacent in G°.

It remains to argue that this h is mapped to (L,¢) under the construction described in Claim 10.1.
Write L' := {e € E(F) | |h(e)| = 1}. Towards concluding that L = L', let uv € L. Then h(uv) = (7 (uv))
is a singleton since in particular u ~y v. Hence, L C L’. Conversely, let uv € L’. By assumption,
h(uv) = @(m(uv)) is a singleton and thus it remains to distinguish two cases: If 7(u) = mw(v) then wv € L
because otherwise there would be a loop at [u]r, = [v]y in F @ L. If w(u) # 7(v) then ¢([u]r) = ¢([v]L) and
also uv € L because otherwise there would be an edge between [u];, # [v]L in F' @ L and this cannot happen
since ¢ is a homomorphism into a simple graph.

Finally, write ¢’ for the homomorphism F @ L — G constructed from h as described in Claim 10.1. Then
for every vertex x € V(F) by definition, ¢'([z]r) = h(z) = ¢(n(z)) = ¢([z]L) and thus ¢ = ¢’. a

It is easy to see that the map devised in Claim 10.1 is injective. The desired equation follows observing
that the map in Claim 10.1 provides a bijection between the sets whose elements are counted on the right
and left hand-side respectively. O

The following Example 11 illustrates the above construction and Theorem 10.

Example 11. Let K3 denote the clique with vertex set {1,2,3}. Then K3 @ 0 =2 K3, K3 © {12} = Ko,
K3 ©{12,23} 2 K7, and K3 @ {12,23,13} = K. For every simple graph G, hom(K3, G°) = hom(K3,G) +
3hom(Ks, G) + hom(K1, G) since hom(K?,G) = 0.



The final ingredient for the proof of Theorem 8 is the following Lemma 12, which establishes one of the
implications in Fig. 1.

Lemma 12. If a homomorphism distinguishing closed graph class F is closed under deleting edges then it
is closed under taking subgraphs.

Proof. Let F' € F be a graph on n vertices. Since the graph nK; can be obtained from F by deleting
all its edges, it holds that nK; € F. Thus, for all graphs G and H such that G = H, by Eq. (1),
|[V(G)|™ = hom(nK;,G) = hom(nK;,H) = |V(H)|™. Hence, hom(K;,G) = hom(K;, H). Now let F’
denote the graph obtained from F by deleting a vertex v € V(F'). By deleting all incident edges, it can be
assumed that v is isolated in F' and that F’ + K7 = F. Hence, for all G and H as above,

hom(F’, G) hom(K1,G) = hom(F,G) = hom(F, H) = hom(F’, H) hom(K1, H).
It follows that hom(F’,G) = hom(F’, H) and F' € F. O

Proof of Theorem 8. Assuming 1, let G and H be such that G = H and let FF € F. By Theorem 10
and Lemma 9,

hom(F,G) =hom(F,G°) = > (=)IFF 3" hom(F' @ L,G). (5)
F'CF, LCE(F’)
V(F)=V (F)

All simple graphs F’/ @ L appearing in this sum are obtained from F by repeated edge contractions or
deletions. Hence, G =5 H.

Assuming 2, it is first shown that cl(F) is closed under deleting and contracting edges. To that end, let
F € cl(F). Let K be obtained from F' by deleting an edge e € E(F'). Since K has the same number of
vertices as F' and precisely one edge less, the only summation indices (F’, L) in Eq. (5) such that /O L =2 K
satisfy |[E(F")| = |E(K)| and L = 0. Hence, the coefficient of hom (K, —) in the linear combination obtained
from Eq. (5) by grouping isomorphic summation indices is a non-zero multiple of (—1)/Z(F)l and K € cl(F)
by Lemma 6.

Let now K be obtained from F' by contracting a single edge e. By deleting edges, it can be supposed
without loss of generality that there are no vertices in F' which are adjacent to both end vertices of e. By
the following Claim 12.1, |E(K)| = |E(F)| — 1.

Claim 12.1. For a simple graph F with uwv € E(F), write Ap(uv) = {w € V(F) | vw,uw € E(F)} for the
set of vertices inducing a triangle with the edge wv. Let F' be a simple graph and uv € E(F). Then

|Ap(uo)| = [E(F)| = |E(F © {uv})] - 1.

Proof of Claim. Write K = F @ {uv}. By writing z for the vertex of K obtained by contraction and
identifying V(K) \ {z} = V(F) \ {u, v}, for all w € V(K),

degpu+degpv — |Ap(w)| —2, fw=ux,

degp w = ¢ degpw — 1, if we Ap(uv),
degp w, otherwise.
The desired equation now follows readily from the Handshaking Lemma. 3

Hence, all summation indices (F’, L) in Eq. (5) such that F' @ L = K must satisfy the following:

1. L = {e'} for some edge ¢’ € E(F).
This is immediate from |V(K)| = |V(F)| -1 and V(F) = V(F").

2. F'=F.
Indeed, if F/ @ {e'} = K for some F’ C F with ¢’ € E(F’) and V(F') = V(F) then, by Claim 12.1,
|[E(F)|—1=|E(F'o{})|+|Ap ()] > |[E(F'o{e'})| = |E(K)| = |E(F)|—1 and thus E(F') = E(F).

8



Each of these summation indices contributes (—1)E(F)l = (=1)IE(F)| to the coefficient of hom (K, —) in the
linear combination ranging over non-isomorphic graphs. Hence, this coefficient is non-zero. By Lemma 6,

K € cl(F).
Hence, cl(F) is closed under deleting and contracting edges. By Lemma 12, it is closed under taking
minors. The implication 3 = 2 follows from 1 = 2 for cI(F) since =r and =) coincide. O

3.8. Taking Subgraphs and Preservation under Full Complements

Theorem 13, which relates the property of a graph class F to be closed under taking subgraphs to the
property of =z to be preserved under taking full complements, can now be extracted from the insights in
Section 3.2. Since our definition of the homomorphism distinguishing closure involves only simple graphs in
order to be aligned with [10], Theorem 13 deviates slightly from the other results in Table 1. This is because
the relations =7 and = r) a priori coincide only on simple graphs and not necessarily on all graphs, a
crucial point raised by a reviewer.

Theorem 13. For a graph class F and the assertions

1. F is closed under deleting edges,

2. =r s preserved under taking full complements of arbitrary graphs, i.e. for all graphs G and H it
holds that G =x H if and only sz =r H

3. =F 1s preserved under taking full complements, i.e. for all simple graphs G and H it holds that

G =r H if and only if G =5 H,

cl(F) is closed under deleting edges,

cl(F) is closed under taking subgraphs, i.e. it is closed under deleting edges and vertices,

=.(F) is preserved under taking full complements of arbitrary graphs,

NS O

=.(F) 18 preserved under taking full complements,
the implications 1 = 2= 8= 4/ & 5 6 < 7 hold.

Proof. Assuming 1, by Lemma 9, for all not necessarily simple graphs G and H, if G =7 H and F is closed
under deleting edges it holds that hom(F,G) = hom(F, H) for all F € F as all graphs F’ appearing in
Lemma 9 are obtained from F' by deleting edges. Hence, 2 holds. Clearly, 2 implies 3.

Suppose 3 holds. Since Lemma 6 is not directly applicable since the condition in 3 involves graphs with
loops, we first prove the following claim:

Claim 13.1. Let F be a graph class satisfying 3. For all graphs G and H with loops at every vertex, if
G =7 H, then G =q7) H.

Proof of Claim. Let K be an arbitrary graph with a loop at every vertex. Then G x K and H x K are
graph with loops at every vertex. Hence, their full complements G x K and H x K are simple graphs.

Let F € cl(F). By Eq. (2),if G =7 H then G x K =7 H x K. By 3, G x K =¢ H x K, which implies
that hom(F, m) = hom(F, H/X\K) since =7 and =) coincide on simple graphs. By Lemma 9
and Eq. (2), this in turn implies that

> (—D)PE hom(F, G)hom(F, K) = Y (1" hom(F', H) hom(F', K).  (6)
F'CF F'CF
V(F)=V(F) V(F)=V(F)

Let n == |V(F)| and write £ for the set of all simple graphs on at most n vertices. We claim that the
matrix (hom(F,G®)))r,ger is invertible. Indeed, by Theorem 10,

hom(F,G°) = Y  hom(FoL,G)= Y [{LCE(F)|FoL=F}hom(F,G).
LCE(F) Flec
By classical arguments [1], the matrix (hom(F,G))r e is invertible. When ordering the elements of £

first by number of vertices and then by number of edges, the matrix ([{L C E(F) | F@ L = F'}|)p per is
9



upper triangular and all its diagonal entries are 1 since F @ L = F iff L = (). Hence, (hom(F, G°)))r ger is
invertible as the product of two invertible matrices. As in the proof of Lemma 6, one may multiply Eq. (6)
with the inverse of this matrix to conclude that hom(F, G) = hom(F, H). a

By 3, for all simple graphs G and H, the assumption G =r H implies that G = F H. Hence, by
Claim 13.1, hom(F,G) = hom(F, H) for all F € cl(F). Finally, by Lemma 9,

> ()Ehom(F Gy = > (=1)EE ) hom(F' ).
F'CF F'CF
V(F')=V(F) V(F')=V(F)
Since G and H are simple, we are in the setting of Lemma 6. Let K be any graph obtained from F by
deleting edges, i.e. V(K) = V(F) and E(K) C E(F). Each summation index F’ in Lemma 9 such that
F’ = K contributes (—=1)IEF)l = (=1)IE)I Hence, the coefficient of hom(K, —) in the linear combination
obtained from the one above by grouping isomorphic summation indices is non-zero. By Lemma 6, it holds
that F’ € cl(F).
The implication 4 = 5 follows from Lemma 12. The implication 5 = 6 follows from 1 = 3. The

implication 6 = 7 is immediate. The final implication 7 = 4 follows from 3 = 4 observing that cl(cl(F)) =
cl(F). O

3.4. Taking Induced Subgraphs, Contracting Edges, and Lexicographic Products

In this section, it is shown that a homomorphism distinguishing closed graph class is closed under
taking induced subgraphs (contracting edges) if and only if its homomorphism indistinguishability relation
is preserved under lexicographic products with a fixed graph from the left (from the right).

Examples for equivalence relations preserved under lexicographic products related to chromatic graph
parameters are listed in Corollary 20. Further examples are of model-theoretic nature. It is for example easy
to see that winning strategies of the Duplicator player in Hella’s bijective pebble game [25] can be composed
along lexicographic products.

A correspondence between taking induced subgraphs and left lexicographic products is established by
the following Theorem 14:

Theorem 14. For a graph class F and the assertions

1. F is closed under taking induced subgraphs,

2. =7 is preserved under left lexicographic products, .e. for all simple graphs G, H, and H', if H =5 H'
then G-H=r G - H',

3. cl(F) is closed under taking induced subgraphs.

the implications 1 = 2 < 3 hold.

An example for a lexicographic product from the right is the n-blow-up G - K,, of a graph G. It is well-
known [22] that every homomorphism indistinguishability relation is preserved under blow-ups. Preservation
under arbitrary lexicographic products from the right, however, is a non-trivial property corresponding to
the associated graph class being closed under edge contractions:

Theorem 15. For a graph class F and the assertions

1. F is closed under edge contractions,

2. =z is preserved under right lexicographic products, i.e. for all simple graphs G, G', and H, if G =5 G’
then G-H=rG'-H,

3. cl(F) is closed under edge contractions.

the implications 1 = 2 < 3 hold.
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For the proofs of Theorems 14 and 15, homomorphism counts hom(F,G - H) are written as linear
combinations of homomorphism counts hom(F’, H) where F’ ranges over induced subgraphs of F' in the
case of Theorem 14 and over graphs obtained from F’ by contracting edges in the case of Theorem 15. The
following succinct formula for counts of homomorphisms into a lexicographic product may be of independent
interest.

Theorem 16. Let F', G, and H be simple graphs. Then

hom(F,G - H) = » hom(F/R,G)hom( [[ F[R], H)
R ReR

where the outer sum ranges over all R € II(V(F')) such that F[R] is connected for all R € R.

Proof. The proof is by constructing a bijection between the set of homomorphisms F' — G - H and the set
of triples (R, g, h) where R € II(V(F)) is such that all F[R], R € R, are connected, and ¢g: F/R — G and
h: [1ger F[R] — H are homomorphisms. To that end, write ng: V(G- H) — V(G) and 7 : V(G - H) —
V(H) for the projection maps.

Let f: F — G - H be a homomorphism. Define a partition R’ of V(F) with classes (7g o f)~!(v) for
v € V(G) and R < R’ as the coarsest partition whose classes R € R all induce connected subgraphs F[R],
i.e. for every R’ € R’, the partition R contains one class for every connected component of F[R'].

The homomorphism g: F/R — G is given by the map sending R € R to (mg o f)(v) for any v € R.
By definition of R, this map is well-defined. It is indeed a homomorphism since if R;, Ry € R are adjacent
in F/R, there exist 1 € Ry and x2 € Ry such that z1ze € E(F). Observe that Ry # Ry because F/R
is simple and hence z; and z3 lie in different classes of R'. As (ng o f)(z1) # (7g o f)(z2), it holds that
(rg o f)(z1) and (7g o f)(x2) are adjacent vertices in G because f is a homomorphism. Hence, g(R;) and
g(R2) are adjacent in G.

The homomorphism h: [[p.x F[R] — H is given by my o f. This is indeed a homomorphism since if
r1, 22 € V(F) are adjacent in [],.r F[R] then they lie in the same class of R’ and hence h(z1)h(z2) is an
edge of H.

For injectivity, suppose that f, f': FF — G- H are both mapped to (R, g,h). Then, rgo f=h=ngof
and furthermore for every v € V(G) with v € R for some R € R, (ngo f)(v) = g(R) = ¢'(R) = (g o f)(v).
Hence, f = f'.

For surjectivity, let (R, g, h) be a triple where R € TI(V(F)) is such that all F[R], R € R, are connected,
and g: F/R — G and h: [[pcr FIR] — H are homomorphisms. Define f: ' — G- H by v = ((go
p)(v), h(v)) where p: F — F/R is the map sending v € V(F') to R € R such that v € R.

The map f is a homomorphism. Indeed, for wv € E(F), distinguish cases: If (g o p)(u) = (g o p)(v)
then p(u) = p(v) since otherwise p(u) and p(v) are adjacent in F/R and (g o p)(u) # (g o p)(v) as g is a
homomorphism into a loop-less graph. In this case, u,v € R for some R € R and thus h(u)h(v) is an edge of
H. If (gop)(u) # (gop)(v) then in particular p(u) # p(v), p(u)p(v) is an edge of F/R and hence (g o p)(u)
and (g o p)(v) are adjacent in G. In any case, f(u)f(v) is an edge of G - H.

Write (R’, ¢, h') for the image of f under the aforementioned construction. It is claimed that (R’,¢’, k') =

(R, g, h).
To argue that R = R/, let x;...x¢ be a path in F such that (7g o f)(z1) = -+ = (7g o f)(x¢). Then
(gop)(x1) = -+ = (gop)(z¢) by construction. It has to be shown that p(z1) = -+ = p(xe). If p(z;) # p(xit1)

for some 1 < 4 < £ then p(z;) and p(x;41) are adjacent in F'/R, which cannot be since G is loop-less and
both of these vertices have the same image under g. This implies that if x,y are in the same class of R’
then they are in the same class of R. Conversely, let z1...x, be a path in F such that all z1,...,2y, € R
for some R € R. Then p(x1) = --- = p(x¢) and hence (go p)(z1) = -+ = (go p)(z¢). In particular, if x,y
are in the same class of R then they are in the same class under R’.

To argue that g = ¢, note that for any R € R = R’ with v € R, ¢'(R) = (rgo f)(v) = (gop)(v) = g(R).
Finally, A’ =ty o f = h. O

Theorem 16 yields Theorems 14 and 15 as follows:
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Proof of Theorem 14. That 1 implies 2 is immediate from Theorem 16.

Let F € cl(F) and U C V(F). In order to show that F[U] € cl(F) assuming 2, let G = K,, where
n = |V(F)|. Observe that hom(F/P,G) > 0 for every P € II(V(F)). For the discrete partition D,
[ rep FIR] = nK;. By Lemma 6, K; € cl(F). Write P for the partition whose classes are formed by the
connected components of F[U] and singleton classes otherwise. Then [[p,.p F[P] = F[U] + mK; where
m = |V(F)\ U|. By Lemma 6, F[U] + mK; € cl(F) which implies, as for example argued in Lemma 12,
that F[U] € cl(F). Hence, 2 implies 3.

The implication 3 = 2 follows from 1 = 2 for cl(F) since =x and = (#) coincide. O

Proof of Theorem 15. That 1 implies 2 is immediate from Theorem 16.

Let F € cl(F). It is to show that F/P € cl(F) for every P € II(V(F)) such that all F[P] are connected
for P € P. To that end, write n := |V(F)| and let H = K,. Observe that hom(F[U], H) > 0 for every
U C V(F). Hence, the coefficient of hom(F/P, —) in the linear combination from Theorem 16 is non-zero.
By Lemma 6, F/P € cl(F). Hence, 2 implies 3.

The implication 3 = 2 follows from 1 = 2 for cl(F) since =x and = (#) coincide. O

Theorems 14 and 15 can be combined to yield the following Corollary 17:

Corollary 17. For a graph class F and the assertions

1. F is closed under taking induced subgraphs and edge contractions,
2. =7 is such that for all simple graphs G, G', H, and H', if G =5 G’ and H =7 H' then G-H =7 G'-H’,
3. cl(F) is closed under taking induced subgraphs and edge contractions.

the implications 1 = 2 < 3 hold.

Proof. Assuming 1, if G =5 G' and H =5 H' then G- H =5 G’ - H by Theorem 15 and G' - H =+ G' - H’
by Theorem 14. By transitivity, G- H =7 G’ - H' and 2 holds. The implication 2 = 3 is immediate from
Theorems 14 and 15. The implication 3 = 2 follows from 1 = 2 for cI(F) since =7 and = () coincide. [

As a final observation, the following Lemma 18 relates the property of being closed under edge contrac-
tions to the other closure properties in Table 1 and Fig. 1.

Lemma 18. If a homomorphism distinguishing closed graph class F is closed under contracting edges then
it is closed under taking summands.

Proof. Let F € F. Since every homomorphism distinguishing closed graph class is closed under disjoint
unions, cf. Eq. (1) and [10], it suffices to show that every connected component C of F' is in F. Let m
denote the number of connected components of F'. By contracting all edges, the graph mK; can be obtained
from F. Hence, as argued in Lemma 12, K; € F. Moreover, the graph C + (m — 1)K, can be obtained
from F' by contracting all edges not in C'. This implies as in Lemma 12 that C € F. O

3.5. Applications
As applications of Theorems 8 and 13 to 15, we conclude, in the spirit of [26], that certain equivalence
relations on graphs cannot be homomorphism distinguishing relations.

Corollary 19. Let F be a graph class containing a non-empty graph such that one of the following holds:

1. =7 is preserved under complements, cf. Theorem 8,

2. =F 1is preserved under full complements, cf. Theorem 183,

3. =F is preserved under left lexicographic products, cf. Theorem 14, or
4. =5 is preserved under right lexicographic products, cf. Theorem 15.

Then G =5 H implies that |V(G)| = |V (H)| for all graphs G and H.
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Proof. By Theorems 8 and 13 to 15, F can be chosen to be closed under taking minors, subgraphs, induced
subgraphs, or contracting edges. In any case, K1 € F and hence |V(G)| = hom(K7,G) = hom(K,, H) =
[V(H)|. O

As concrete examples, consider the following relations.

Corollary 20. There is no graph class F satisfying any of the following assertions for all graphs G and H :
G =r H iff a(G)

—_

a(H) where a denotes the order of the automorphism group,

2. G =5 H iff a(G) = o(H) where o denotes the size of the largest independent set,
3. G=r H iff w(G) = w(H) where w denotes the size of the largest clique,
4. G =75 H iff x(G) = x(H) where x denotes the chromatic number.

Proof. The relation in Item 1 is preserved under taking complements. By [27, Theorem 1, Corollary p. 90],
the relations in Items 2 and 4 are preserved under left lexicographic products. For Item 3, the same follows
from [27, Theorem 1] observing that G - H = G - H and w(G) = a(G). In each case, it is easy to exhibit a
pair of graphs G and H in the same equivalence class with different number of vertices. By Corollary 19,
none of the equivalence relations is a homomorphism indistinguishability relation. O

4. Equivalences over Self-Complementary Logics

In this section, Theorem 1 is derived from Theorem 8. The theorem applies to self-complementary logics,
of which examples are given subsequently. Finally, a result from graph minor theory is used to relate logics
on graphs to quantum isomorphism.

A logic on graphs (9] is a pair (L, =) of a class L and a relation = comparing simple graphs and elements
of L which is isomorphism-invariant, i.e. satisfying that for all ¢ € L and simple graphs G and H such that
G = H it holds that G = ¢ iff H = ¢. When convenient, we omit the reference to = and denote (L, =)
by L. Two simple graphs G and H are L-equivalent if for all ¢ € L it holds that G = ¢ iff H = ¢. One
may think of a logic on graphs as a mere collection of isomorphism-invariant graph properties. Every ¢ € L
defines such property. This very general definition has to be strengthened only slightly in order to yield
Theorem 2:

Definition 21. A logic on graphs (L, ) is self-complementary if for all ¢ € L there is a p € L such that
for all simple graphs G it holds that G |= ¢ if and only if G = @.

Theorem 1. Let (L, ) be a self-complementary logic on graphs for which there exists a graph class F such
that simple graphs are homomorphism indistinguishable over F if and only if they are L-equivalent. Then
there exists a minor-closed graph class F' whose homomorphism indistinguishability relation coincides with
L-equivalence.

Proof. Tt is shown that = is preserved under taking complements in the sense of Theorem 8. Let G and
H be simple graphs such that G =z H. By assumption, for all ¢ € L it holds that G = ¢ iff H | ¢ and
hence, by self-complementarity,

GEp = GEp+—= HEp+ HEp < HEy

Here, the penultimate equivalence holds since H = ¢ if and only if H |= % for all ¢ and H by the definition

of self-complementarity observing that H = H. Thus, G = H. By Theorem 8, F' = cl(F) is minor-
closed. O

In particular, by Corollary 19, for a self-complementary logic L, all L-equivalent simple graphs G and H
must have the same number of vertices unless L is trivial in the sense that all simple graphs G and H are
L-equivalent.
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4.1. Exzamples for Self-Complementary Logics

A first example of a self-complementarity logic is first-order logic FO over the signature of graphs {E}.
In order to establish this property, a formula @ € FO has to be constructed for every ¢ € FO such that
G E ¢ iff G = for all simple graphs G. Only subformulae Exy require non-trivial treatment:

Definition 22. For every ¢ € FO, define i € FO inductively as follows:

1. if ¢ = Exy then @ := ~Exy A (z # y),

2. if(p:J_0£<p:Tthen¢::<p,ifgp:({:y)then@:zgp,if(p:ﬂwth(all¢::ﬂ@,ifgpzz/)Ax
then p :== Y AX, if ¢ =4V x then ¥ =19 VY, if ¢ = Jz. ¢ then p = Jx. ¢, and if p = V. ¢ then
© =V .

Lemma 23. Let ¢ € FO be a formula with k > 0 free variables. Then for all simple graphs G with v € V(G)*
it holds that -
GuvEyp < GuvE=5.

In particular, FO is self-complementary.

Proof. The proof is by induction on the structure of . If ¢ is Exy, observe that vivy € E(G) if and only
if vjve € E(G) and vy # ve. In all other cases, the claim is purely syntactical. O

Lemma 23 gives a purely syntactical criterion for a fragment L C FO to be self-complementary. Indeed,
if ® € L as defined in Theorem 22 for all ¢ € L then L is self-complementary. Note that the operation
in Theorem 22 increases neither the number of variables nor affects the quantifiers in the formula. Thus,
Lemma 23 automatically extends to fragments of FO defined by restricting the number of variables, order
or number of quantifiers. For extensions of FO, Theorem 22 can be easily extended. This yields a rich realm
of self-complementary logics, of which the following Example 24 lists only a selection.

Example 24. The following logics on graphs are self-complementary. For every k,d > 0,

1. the k-variable and quantifier-depth-d fragments FO* and FO4 of FO,

2. first-order logic with counting quantifiers C and its k-variable and quantifier-depth-d fragments CF
and Cq,

3. inflationary fized-point logic IFP, cf. [28],

4. second-order logic SO and its fragments monadic second-order logic MSO1, ezistential second-order
logic ESO, cf. [29, 30].

Corollary 19 readily gives an alternative proof of [26, Propositions 1 and 2|, which assert that neither
FOk—equivalence nor FO4-equivalence are characterised by homomorphism indistinguishability relations. The
logic fragments C¥ and C4 are however characterised by homomorphism indistinguishability relations [8, 4].

4.2. Applications: Graph Minor Theory and FExpressive Power

The final result of this section demonstrates how graph minor theory can yield insights into the expressive
power of logics via Theorem 1. Subject to it are self-complementary logics which have a homomorphism
indistinguishability characterisation and are stronger than C* for every k, e.g. they are capable of distin-
guishing CFI-graphs [31]. It is shown that equivalence w.r.t. any such logic is a sufficient condition for
quantum isomorphism, an undecidable equivalence comparing graphs [32].

Theorem 25. Let (L, =) be a self-complementary logic on graphs for which there exists a graph class F
such that simple graphs are homomorphism indistinguishable over F if and only if they are L-equivalent.
Suppose that for all k € N there exist simple graphs G and H such that G =cx H and G #_ H. Then all
L-equivalent graphs are quantum isomorphic.
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Proof. Contrapositively, it is shown that if there exist non-quantum-isomorphic L-equivalent graphs then
there exists a k € N such that G =c» H = G =_ H for all simple graphs G and H. By [3, 8], this
statement can be rephrased in the language of homomorphism indistinguishability as P € cl(F) = Tk €
N. F C cl(TWy) where P denotes the class of all planar graphs and TW; the class of all graphs of treewidth
at most k. By Theorem 8, cl(F) is a minor-closed graph class. By [33, (2.1)], cf. [34, Theorem 3.8], if cl(F)
does not contain all planar graphs then it is of bounded treewidth. Hence, there exists a £ € N such that
F Ccl(F) STWyg Ccl(TWy). O

5. Classification of Homomorphism Distinguishing Closed Essentially Profinite Graph Classes

The central result of this section is a classification of the homomorphism distinguishing closed graph
classes which are in a sense finite. Since every homomorphism distinguishing closed graph class is closed
under disjoint unions, infinite graph classes arise naturally when studying the semantic properties of the
homomorphism indistinguishability relations of finite graph classes. Nevertheless, the infinite graph classes
arising in this way are essentially finite, i.e. they exhibit only finitely many distinct connected components.
One may generalise this definition slightly by observing that all graphs F' admitting a homomorphism into
some fixed graph G have chromatic number bounded by the chromatic number of G. Thus, in order to make
a graph class F behave much like an essentially finite class, it suffices to impose a finiteness condition, for
every graph K, on the subfamily of all K-colourable graphs in F.

Formally, for a graph F, write I'(F') for the set of connected components of F. For a graph class F,
define I'(F) as the union of the I'(F') where F' € F. For a graph class F and a graph K, define Fx = {F €
F | hom(F, K) > 0}, the set of K-colourable graphs in F.

Definition 26. A graph class F is essentially finite if T'(F) is finite. It is essentially profinite if F is
essentially finite for every simple graph K.

Clearly, every finite graph class is essentially finite and hence essentially profinite. Other examples
for essentially profinite classes are the class of all cliques. They represent a special case of the following
construction from [10, Theorem 6.16]: For every S C N, the family

KS ={K, + - +K,,

reN,{ny,...,n.} C S} (7)

is essentially profinite. In particular, there are uncountably many such families of graphs. Note that one
may replace the sequence of cliques (K, )nen in Eq. (7) by any other sequence of connected graphs (F),)nen
such that the sequence of chromatic numbers (x(F},))necn takes every value only finitely often.

Every graph F' of an essentially finite family F can be represented uniquely as vector F € RI') whose
C-th entry for C € I'(F) is the number of times the graph C' appears as a connected component in F'.
The classification of the homomorphism distinguishing closed essentially profinite graph classes can now be
stated as follows.

Theorem 27. For an essentially profinite graph class F, the following are equivalent:

1. F is homomorphism distinguishing closed,
2. For every simple graph K, if K € span{F € RVGxUKY | B ¢ Fr) then K € F,
3. Fk is homomorphism distinguishing closed for every simple graph K.

Theorem 27 directly implies Theorem 3. Indeed, if F is union-closed and closed under summands then
I'(F) C F and every graph K such that I'(K) C I'(F) is itself in F. In particular, Theorem 27 implies that
all essentially profinite union-closed minor-closed graph classes are homomorphism distinguishing closed. For
example, for every graph G, the union-closure of the class of minors of G is homomorphism distinguishing
closed, cf. [10, Question 4].

Towards proving Theorem 27, we first make the following general observation: Considering essentially
profinite graph classes is very natural in light of the following Lemma 28. For every graph K, the subset
Fi of F is the object prescribing whether K € cl(F).
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Lemma 28. Let F be a graph class and K be a simple graph. Then K € cl(F) if and only if K € cl(Fk).

Proof. The backward implication is immediate since Fx C F and thus cl(Fg) C cl(F). Conversely, suppose
that K € cl(F). Let G and H be arbitrary graphs such that G =z, H. Then, by Eq. (2), GXx K = Hx K
since hom(F, K) = 0 for all F € F\ Fg. By assumption, hom(K,G x K) = hom(K, H x K), and therefore
hom(K,G) = hom(K, H) since hom(K, K) > 0. Thus, K € cl(Fk). O

The proof of Theorem 27 is based on a generalisation of a result by Kwiecieri, Marcinkowski, and
Ostropolski-Nalewaja [20]. They proved the following Theorem 29 for finite graph classes. The extension
to essentially finite graph classes does not require much additional work but might make core ideas appear
more transparently.

Theorem 29 (Kwiecieri-Marcinkowski-Ostropolski-Nalewaja [20]). Let F be an essentially finite family of
graphs and K be a simple graph. Suppose that hom(F, K) > 0 for all F € F. Let C :=T(FU{K}). Then
K € cI(F) if and only if K € span{F € R¢ | F € F}.

Proof. For the backward direction, suppose that K € span{ﬁ € RC | F € F}. Observe that this implies
that T'(F) = C, i.e. all connected components of K appear as connected components of some F € F. Write
K= Sy o F; for some ai,...,apr € Rand Fy,..., F. € F. Also write K = [[¢c BcC for some o € N.
Observe that o = Ko = Y1_, oy (Fy)¢ for all C € C.

Let G and H be graphs such that G =7 H. If hom(F,G) = 0 = hom(F, H) for some F € F then
hom(K,G) = 0 = hom(K, H) by the assumption that hom(F, K) > 0 for all ' € F. Hence, it may be
supposed that hom(F,G) = hom(F, H) > 0 for all F' € F. This is crucial for ruling out division by zero in
the following argument. Observe that

hom(F,—) = H hom(C, —)FC
CeCs.t. Fo>1

for all F € FU{K}. It follows that hom(C,G) > 0 and hom(C, H) > 0 for all C € I'(F) = C. Thus, in
every step of the following calculation, the bases of all exponentials are positive integers.

hom(K,G) = [] hom(C,G)?¢ = ] hom(C,G) == @ = T ] hom(C, G)* (e
ceC ceC i=1CeC

= [[ hom(F;, G)* = [ [ hom(F;, H)** = hom(K, H).

i=1 i=1

Conversely, pick a finite family of graphs G such that the matrix M := (hom)|cx¢ is invertible, e.g. in
virtue of [22, Proposition 5.44(b)]. Consider the map

U: RY — RC

a— Z hom(C, G)ag = Ma.
Geg

We think of N9 C RY as the space of instructions for constructing graphs as disjoint unions of elements
in G. The vector a € NY corresponds to the graph [lgeg @G- The map W associates with such a graph its
C-homomorphism vector. In this way, R¢ may be thought of as the space of C-homomorphism vectors. As
a vector space isomorphism, ¥ is a homeomorphism.

Contrapositively, suppose that K & span{ﬁ € RC | F € F}. Pick an integer vector z € Z¢ such that
(z, F y =0 for all F € F and (z, K ) # 0. This can be done by Gram—Schmidt orthogonalisation applied to
the rational vectors spanning span{F € RC | F € F} and to the rational vector K. The resulting vector 2’
with rational entries is orthogonal to all ﬁ, F € F and has non-zero inner-product with z. The integer
vector z is then obtained from z’ by clearing denominators.
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Pick p € \II(Qi ) C Q o- In what follows, the vector p is perturbed in a direction depending on z. Tech-
nical complications arise when proving that the perturbed vector can again be interpreted as an instruction
for constructing a graph, i.e. has a positive rational preimage under ¥. To that end, consider the continuous
function ¢: Rsg — RS ) which maps t — (t*¢pc | C € C).

Claim 29.1. There exists t > 1 such that p(t) € ¥(QY,).

Proof of Claim. As the image of an open set under a homeomorphism, the set \I/(]Rio) is open in R¢. Hence,
there exists € > 0 such that B.(p) C U(RY,). Since ¢! (B.(p)) is open, ¢(1) = p, and Q¢ is dense in
R0, there exists a rational ¢ > 1 such that ¢(t) € B:(p) C ¥(RY,). Because t and p are rational and z

is integral, ¢(t) € Q. The matrix M from definition of ¥ has integer entries and hence its preimages of
rational vectors are rational. This implies that ¢(t) € ¥(QY,). a

Write p’ = ¢(t) for the ¢ whose existence is guaranteed by Claim 29.1. Let s,s’ € QY denote the
preimages of p and p’ under W, respectively. There exists a natural number A > 1 such that As and As’ lie
in N9. Write H and H' for the structures obtained by interpreting As and As’ as instructions for disjoint
unions over elements in G, i.e. H = [[cg(As)eG and H' = [[c5(As")gG. Then

hom(F, H) = [ hom(C, )" = T] w(rs)Ee = T[ (2(s)e)™ = T (we)™
cecC cec cecC cecC

and, similarly,

hom(F, H') = [] w(s")Ee = ] (A (s') o) 7 = 11 (Opi)Te = =) I1 Gwe)™

ceC ceC ceC ceC

for all graphs F which are disjoint unions of graphs in C. In particular, hom(F, H) = hom(F, H') for all
F € F but hom(K, H) # hom(K, H'). Thus K & cl(F). O

Towards the proof of Theorem 27, we collect the following lemmas:
Lemma 30. For every graph class F and every graph simple K, cl(F)k C cl(Fk).

Proof. Consider the following chain of inclusions:

dF) k= |J e U dFcd| U Fo| CdFx).

Lecl(F)k Lecl(F)k Lecl(F)k

The first inclusion follows from Lemma 28. Indeed, if L € cl(F) then L € cl(Fr). The second inclusion is
implied by Lemma 4. The third inclusion holds since if F' € Fy, for L € cl(F)x then hom(F, K) > 0. O

For essentially profinite graph classes, Theorem 29 implies that the converse of Lemma 30 holds.
Lemma 31. For every essentially profinite F, it holds that cl(Fk) = cl(F)k for every simple graph K.

Proof. That cl(F)g C cl(Fk) is the assertion of Lemma 30. Conversely, cl(Fx) C cl(F) since Fx C F. It
remains to argue that every F € cl(Fg) is K-colourable. If F' € cl(Fg) then, by Theorem 29, I'(F) C T'(Fk).
In other words, all connected components of F' are K-colourable. This implies that F' is K-colourable. Hence,
Cl(]:]() Q Cl(f)K O

The concludes the preparations for the proof of Theorem 27.
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Proof of Theorem 27. Suppose that F is homomorphism distinguishing closed. Let K be a graph such that
['(K) CI(Fk). If K € span{F € RF%) | F € F} then Theorem 29 applies. Hence, K € cl(F) and thus
K € F since F is homomorphism distinguishing closed.

Assuming Item 2, let L ¢ F. It follows that L ¢ span{F € RFrYU{L) | F ¢ F.}. Indeed, if
I'(L) C I'(FL) then this holds by Item 2. If I'(L) € I'(FL) then L has a connected component which
is not in Fr and the claim follows readily. Hence, by Theorem 29 and Lemma 28, L & cl(F). So F is
homomorphism distinguishing closed.

The equivalence of Items 1 and 3 follows from Lemma 31. Indeed, if F is homomorphism distinguishing
closed then cl(Fx) = cl(F)x = Fi for every K. Conversely,

A(F) = Jd(F)x = Jd(Fx) = Fx = F. O
K K K

Finally, we deduce the following Corollaries 32 and 33 from Theorem 29:
Corollary 32. If a graph class F is essentially finite then cl(F) is essentially finite.

Proof. Let K € cl(F). By Lemma 28, K € cl(Fk). By Theorem 29, K € span{F € REGFxU{ED | F e Fr}.
In particular, I'(K) C I'(Fk). Hence, I'(cl(F)) = Ugear) NK) € Ugear) I'(Fx) € T'(F). Thus, cl(F)
is essentially finite. O

Since the class of all graphs is not essentially profinite, the following Corollary 33 implies that no
homomorphism indistinguishability relation of an essentially profinite graph class is as fine as isomorphism.

Corollary 33. If a graph class F is essentially profinite then cl(F) is essentially profinite.

Proof. Tt has to be argued that for every K the class cl(F)g is essentially finite. By Lemma 30, cl(F)g C
cl(Fk) and the right hand-side is an essentially finite graph class by Corollary 32. O

5.1. Applications of Theorem 27

To demonstrate the inner workings of condition Item 2 in Theorem 27, we consider the following ex-
amples. The first example shows that not even the weakest closure property from Fig. 1 is shared by all
homomorphism distinguishing closed families. The second example answers a question from [10, p. 29]
negatively: Is the disjoint union closure of the union of homomorphism distinguishing closed families ho-
momorphism distinguishing closed? Finally, the second and third example illustrate that the inclusions in
Lemma 4 can be proper.

Example 34. Let Fy and Fs be connected non-isomorphic homomorphically equivalent simple graphs.

1. The class F1 = {n(Fy + F2) | n > 1} is homomorphism distinguishing closed and not closed under
taking summands.

2. For the homomorphism distinguishing closed Fo == {nFy | n > 1}, the disjoint union closure of F1UFa
is not homomorphism distinguishing closed,

3. Let F3 = {anl + no ks ‘ ny > ng > 1} and Fy = {anl + no ks | ng > Ny > 1} Then Cl(]:3 0.7:4) -
Cl(.Fg) N Cl(f4)

Proof. For the first example, observe that clearly I'(F) = {Fy, F5}. To verify the assumptions of Theorem 27,
let K = n,F) 4+ ngoF, for ny,ny > 0. It holds that span{F € R'*) | F e F} = {A(!) | A € R} and thus K
is in this space only if n; = ny. In this case, however, K € F and thus F is homomorphism distinguishing
closed. It remains to observe that Fy ¢ F.

In the second example, by Theorem 27, F5 is homomorphism distinguishing closed. The disjoint union
closure of 71 U Fy is F = {n1F1 + noFy | ny > ng > 1}. Since hom(Fy, F3) > 0, it holds that Fp, = F
and hence Fy € span{F € R'F) | F € Fp,} = R'¥). However, F, ¢ F. By Theorem 27, F is not
homomorphism distinguishing closed.

In the third example, by Theorem 27, cl(F3) = cl(Fy) = {niF1 + noFs | ni,n2 > 1}. However,
FsNFy = {n(F1 + F3) | n > 1}, which is homomorphism distinguishing closed by the first example. O
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5.2. Complexity of Homomorphism Indistinguishability over Essentially Profinite Graph Classes

From a computational perspective, the central open question on homomorphism indistinguishability re-
gards the complexity and computability of the decision problem HOMIND(F). For a fixed graph class F, this
problem asks to determine whether two input graphs G and H are homomorphism indistinguishable over F.
While HOMIND(TW},) for the class TW;y, of all graphs of treewidth at most k is polynomial-time [8, 31],
HOMIND(P) for the class P of all planar graphs is undecidable [3]. Furthermore, HOMIND(G) for the class G
of all graphs coincides with graph isomorphism, which poses well-known complexity-theoretic challenges [35].
These examples illustrate that the complexity-theoretic landscape of the problems HOMIND(F) for graph
classes F is diverse and far from being comprehensively understood.

In this section, we show that for all essentially finite classes F, HOMIND(F) is in polynomial time. For
essentially profinite F, the problem can be arbitrarily hard.

Theorem 35. Let F be an essentially finite graph class. Then there exists a finite graph class F' such that
G =r H if and only if G =7 H for all simple graphs G and H. In particular, there is a polynomial-time
algorithm for HOMIND(F).

Proof. Construct F’ by choosing for every A C T'(F) a finite set F}*, ..., F/* € Fy, such that the ﬁf\, cey F}A €
RI'F) gpan the finite-dimensional space span{ﬁ e RF) | ' € Fr} where L := []., C and taking the
union over all graphs F{*,... F ZA € Fr constructed in this way. By construction, 7' C F. Thus, it suffices
to show that F C cl(F").

Let K € F be a graph. By Lemma 28, K € cl(F') if and only if K € cl(Fy). Let L := [[ocy C
where A = I'(K). Since L and K are homomorphically equivalent, it holds that Fp = Fj. By con-
struction, K € span{ﬁ{‘, . ,ﬁZA} C R') and, by projection, the analogous statement holds in R? for
A:=T{K,F} ...,F}}). By Theorem 29, K € cI({F},...,F}}) Ccl(F'). O

For essentially profinite F, the problem HOMIND(F) can be arbitrarily hard. For a set S C N, write
NoTIN(S) for the problem of deciding given n € N whether n ¢ S. Here, n is encoded unarily, i.e. the
size of an instance is n. Note that (the complement of) any decision problem L C {0,1}* can be reduced
to NOTIN(S) for some S at the expense of an exponential increase in the size of the instances. Recall the
definition of the graph class K° from Eq. (7).

Theorem 36. For every S C N, the problem NOTIN(S) polynomial-time many-one reduces to HOMIND(K®).
The proof of Theorem 36 is build on the following result from [36].

Theorem 37 ([36, Corollary 14]). For everyn € N, there exist graphs G,, and H,, of order < max{1,2(n—1)}
such that for all £ € N,
hom(Ky, G) # hom(K,, H) <= (=n.

Furthermore, Gy, and H,, can be constructed in polynomial time in n.

Proof of Theorem 36. Consider the following reduction from NOTIN(S) to HOMIND(K®). Given n € N,
construct G,, and H,, via Theorem 37. Then G,, =xs H, if and only if n &€ S. O

Although Theorem 36 implies that HOMIND(F) for essentially profinite graph classes F can be arbitrarily
hard, the graph classes K° arising there are not very well-behaved from a graph-theoretic point of view.
In light of Roberson’s conjecture [10], minor-closed graph classes are of special interest. The following
Lemma 38 shows that considering essentially profinite rather than essentially finite graph classes, in a sense,
does not add any value for minor-closed graph classes.

Lemma 38. FEvery essentially profinite minor-closed graph class F is essentially finite.

Proof. Since the class of all graphs is not essentially profinite, there exists a number ¢ € N such that all
F € F do not contain the clique K; as a minor. By a weak form of Hadwiger’s conjecture [37] proven
by Wagner [38], this implies that all F' € F are 2'~'-colourable. In particular, F = Fg , , is essentially
finite. O
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5.8. Cancellation Laws

The results summarised in Table 1 give necessary conditions for an equivalence relation ~ comparing
graphs to be a homomorphism indistinguishability relation over a graph class with certain closure properties.
They may be viewed as a step towards an axiomatic characterisation of homomorphism indistinguishability
relations, similar to the characterisation [39, 40| of functions f: G — N on the set of all graphs G which are
of the form f = hom(—, @) for some graph G. Such a characterisation should give sufficient and necessary
criteria for an equivalence relation ~ to be a homomorphism indistinguishability relation over some graph
class. In this context, exploring abstract properties of equivalence relations comparing graphs and their
connection to homomorphism indistinguishability is imperative.

Definition 39. Let K be a simple graph. An equivalence relation &~ comparing graphs admits K -cancellation
if for all simple graphs G and H it holds that G x K ~ H x K — G ~ H.

Lovasz [41] proved that the isomorphism relation 2 admits K-cancellation if and only if K is non-bipartite.
The following Lemma 40 shows that K-cancellation of a homomorphism indistinguishability relation =x
depends solely on the homomorphism distinguishing closure of the subclass Fx C F of K-colourable graphs
in F. In fact, the proof is based on the observation that the equivalence relation — x K = — x K coincides
with the homomorphism indistinguishability relation =z, .

Lemma 40. For a graph class F and a simple graph K, the following are equivalent:

1. = admats K-cancellation,
2. F Ccl(Fk),
3. cl(F) =cl(Fk).

Proof. First observe that for graphs G and H the conditions G x K =r H x K and G =x,, H are equivalent.
Indeed, if G x K =x H x K and F € Fg then hom(F,G) = hom(F,G x K)/hom(F,K) = hom(F, H)
and hence G =z, H. Conversely, if G =z, H and F € F then hom(F,G x K) = hom(F, G) hom(F,K) =
hom(F, H) hom(F, K) = hom(F,G x K) since hom(F, G) = hom(F, H) if hom(F, K) # 0.

By the initial observation, Item 1 is equivalent to the assertion that G =x, H implies G =x H for all
graphs G and H. Hence, Items 1 and 2 are equivalent. Since F C cl(F) and cl(Fx) C cl(F), assertions
Items 2 and 3 are equivalent. O

There is a succinct characterisation of essentially profinite graph classes admitting K-cancellation.

Lemma 41. Let F be essentially profinite and let K be a simple graph. Then =x admits K-cancellation if
and only if all graphs in F are K-colourable.

Proof. By Lemma 31, cl(Fg) C cl(F)kg. By Lemma 40, if =z admits K-cancellation then F C cl(Fk)
which implies that F = Fx. The converse is straightforward. O

In particular, if an essentially profinite graph class admits K-cancellation for some simple graph K,
then it is essentially finite. Beyond essentially profinite graph classes, it is less clear when =7 admits
K-cancellation. If K is bipartite then this depends solely on whether the graphs in F are K-colourable.

Lemma 42. For every graph class F and every bipartite simple graph K, cI(Fk) = cl(F)k. In particular,
=r admits K-cancellation if and only if all graphs in F are K-colourable.

Proof. By [10, Lemma 5.8], the class G, of all bipartite graphs is homomorphism distinguishing closed. By
Theorem 27, so is Gk, , the family of all graphs which are Kj-colourable, i.e. the edge-less graphs. Finally,
the class Gi, = {Ko}, the family containing only the empty graph Ky is homomorphism distinguishing
closed. Hence, for i € {0,1,2}, by Lemma 4,

cl(Fk,) = cl(FNGk,) Ccl(F)Ncl(Gk,) = cl(F) NGk, = cl(F)k,.

The converse containment follows from Lemma 30. It remains to observe that if K is bipartite then Fg
equals either Fg,, Fk,, or Fg,, depending on whether K is edge-less or empty. O
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Under the additional assumption that F is closed under subdivisions, the following Theorem 43 completes
the characterisation of the simple graphs K for which =7 admits K-cancellation. For example, the quantum
isomorphism relation =p [3] admits K-cancellation if and only if K is non-bipartite. Theorem 43 strengthens
Lovasz’ result [41] using an argument from [8].

Theorem 43. If F is closed under subdivisions then F C cl(Fk) for every non-bipartite simple graph K.
In particular, = admits K -cancellation.

Proof. The proof is by showing the contrapositive, i.e. for graphs G and H, if G Zr H, then G #r, H. If
there is F' € F without edges such that hom(F, G) # hom(F, H) then G #r,, H because F' € Fx. Hence,
it may be supposed that there is F' € F with edge e € E(F) such that hom(F, &) # hom(F, H). Since K is
non-bipartite, it contains an odd cycle Cy,,+1 for some n € N. Consider the following claim:

Claim 43.1. Let F' be a simple graph and n € N. Let F' be obtained from F by replacing every edge by a
path on at least 2n + 1 vertices. Then F' is Coy,y1-colourable.

Proof of Claim. Pick an arbitrary vertex x € V(Ca,41). The Ca,q1-colouring of F’ is constructed by
mapping all vertices from V(F) C V(F’) to . Let e € E(F) be an edge. If the number m of vertices
introduced in F’ by subdividing e is odd, then the resulting path can be mapped to x and one of its
neighbours y € V(Ca,+1). This is because every path on an odd number of vertices can be mapped to Ko
such that both of its degree-1 vertices are mapped to the same vertex. If m is even, then the path can be
mapped to a walk in Cg,,11 which starts in z, wraps around Cs, 11 once, and finally alternates between x
and one of its neighbours y € V(Cap41). 2

By [8, Lemma 11|, there exists a graph F” obtained from F by replacing e by a path of length at least three
such that hom(F’, G) # hom(F’, H). By repeatedly applying this argument, one obtains a Cs,,;1-colourable
graph F’ such that hom(F’,G) # hom(F’, H). In particular, F’ is K-colourable. Hence, G #z, H. By
Lemma 40, this implies that F C cl(Fk). O

The following corollary summarises the results on cancellation properties of homomorphism indistin-
guishability relations over graph classes closed under subdivisions.

Corollary 44. Let F be a graph class which is closed under subdivisions. Let K be a simple graph. Then
precisely one of the following holds:

1. F contains a graph which contains a cycle and then =5 admits K -cancellation if and only if K is not
bipartite,

2. F contains only acyclic graphs and at least one graph which contains an edge and then =r admits
K -cancellation if and only if K contains an edge,

3. F contains only edgeless graphs and at least one non-empty graph and then =x admits K -cancellation
if and only if K is not empty,

4. F contains only the empty graph and then =r admits K -cancellation.

Proof. Since F is closed under subdivisions, =7 admits K-cancellation for every non-bipartite simple graph
K by Theorem 43. If F contains only acyclic graphs, then all graphs in F are bipartite and =z admits
K-cancellation for every bipartite simple graph K containing an edge by Lemma 42. If F contains only
edgeless graphs, then =7 admits K-cancellation for every non-empty bipartite simple graph K by Lemma 42.
If F contains only the empty graph, then =7 admits K-cancellation for every bipartite simple graph K by
Lemma 42.

If F contains at least one non-empty graph, then =r does not admit Ky-cancellation for the empty
graph Ky by Lemma 42. If F contains at least one edge, then =x does not admit K-cancellation whenever
K does not contain an edge by Lemma 42. If F contains a graph containing a cycle, then F contains a
non-bipartite graph and hence F does not admit K-cancellation whenever K is bipartite. O
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6. Conclusion

The main technical contribution of this work is a characterisation of closure properties of graph classes F
in terms of preservation properties of their homomorphism indistinguishability relations =z, cf. Table 1. In
consequence, a surprising connection between logical equivalences and homomorphism indistinguishability
over minor-closed graph classes is established. In this way, results from graph minor theory are made available
to the study of the expressive power of logics on graphs. Finally, a full classification of the homomorphism
distinguishing closed graph classes which are essentially profinite is given. Various open questions of [10]
are answered by results clarifying the properties of homomorphism indistinguishability relations and of the
homomorphism distinguishing closure.

It is tempting to view the results in Table 1 as instances of a potentially richer connection between
graph-theoretic properties of F and polymorphisms of =, i.e. isomorphism-invariant maps f sending tuples
of graphs to graphs such that f(G1,...,Gx) =7 f(H1,..., H;) whenever G; =x H; for all i € [k]. Recalling
the algebraic approach to CSPs, cf. [42], one may ask what structural insights into F can be gained by
considering polymorphisms of =x. More concretely, can closure under topological minors be characterised
in terms of some polymorphism?

Acknowledgements. 1 would like to thank David E. Roberson, Louis Hartel, Martin Grohe, Gaurav Rattan,
and Christoph Standke for fruitful discussions.
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