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Abstract

The semi-invertible version of Oseledets’ multiplicative ergodic theorem providing a decomposi-
tion of the underlying state space of a random linear dynamical system into fast and slow spaces
is deduced for a strongly measurable cocycle on a separable Banach space. This work is a much
shorter means of obtaining this general version of the theorem, using measurable growth estimates
on subspaces for linear operators combined with a modified version of Kingman’s subadditive ergodic
theorem.

1 Introduction

The multiplicative ergodic theorem is a fundamental tool in the study of linear dynamical systems.
Given a Banach space X write B(X) for the space of bounded linear operators on X. Let Q be a
Lebesgue probability space. Given an ergodic system o : Q — Q and function £ : Q — B(X), one
may compose copies of £ along orbits and investigate long term behaviour of any x € X. Such an
L is referred to as a cocycle, and is said to be forward-integrable if log™ ||£]| € L*(Q). Iteratively
set £ =1x + X — X, and £ = Lon-1, 0 £ for n € N. The multiplicity property
£t = £ o £ is clear. If £ is required to be invertible then £ = £} oo ct,  for
n < 0 extends the cocycle to all n € Z. If L7 is forward-integrable then £ is said to be backward-
integrable. One may seek ways of describing X in terms of long term behaviour of vectors under £
as n — 0o. Given any normed space V write Sy = {z € V : ||z|]| =1} and By = {z € V : ||z|| < 1}.
Oseledets 12| proved the following in 1965:

Theorem 1. Let 2 be a Lebesgue probability space and o : Q0 — Q be an invertible measure preserving
transformation. Let L : Q@ — GLq(R) be forward and backward integrable, where GLq denotes the
invertible d—dimensional matrices. Then there are measurable numbers \;(w),i € {1,--- ,r,} and a
direct sum decomposition of invariant measurable subspaces R* = D, Ei(w) such that for x € Sg, (),

lim Llog | L0z = £ (w).
n—+oco ™

This limit converges uniformly in x.

In a setting where all invertibility assumptions are dropped the conclusions are weaker. The
following flag decomposition is proven in the work of Raghunathan [14]:

Theorem 2. Let Q be a Lebesgue probability space and o : Q — Q be a (not necessarily invertible)
measure preserving transformation. Let £ : Q — Matq(R) satisfy log™ ||£]| € L'(Q) where Matq
denotes the d-dimensional matrices. Then there are measurable numbers \;(w),i € {1,--+ ,r4} and
a flag of invariant measurable subspaces R = Vi(w) > Va(w) > --- > V,,(w) such that for x €
Vi(w) \ Vie (@),

Tim 2 log £ = Ai(w).

These results were subsequently extended to more general settings: by Ruelle to compact op-
erators on Hilbert spaces 16|, by Mafié to compact operators on Banach spaces with additional
continuity assumptions [11] and by Thieullen to quasicompact operators [17].

The case where the underlying vector space is a separable Banach space was first presented by
Lian and Lu [10]. Their monograph obtains the decomposition result assuming almost-everywhere
injectivity of the cocycle in a separable Banach space.

The injectivity condition isn’t necessary to obtain a decomposition: Froyland, Lloyd and Quas |3|
demonstrated that as long as o is invertible the space may still be written as a sum of fast and slow
spaces. That paper dealt with the finite dimensional case, but in |[4] Gonzalez-Tokman and Quas
presented a generalisation to a separable Banach space. Actually the claim that the slow space is
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measurable was made in that paper, but as discussed in Horan’s thesis |6], the infinite-codimensional
slow spaces may fail to be measurable - example[35]in the appendix is given for convenience. Gonzalez-
Tokman and Quas give a subsequent shorter proof [5| explicitly in the separable dual case, using
intuitive notions of volume growth that this work partially builds upon. The argument to obtain
spaces for n > 1 relies on a notion of fibres over a measurable base space, examining cocycles whose
domain varies depending on w, a geometrically compelling argument for which not all details are
supplied. For X with a separable dual, the appendix of [4] explains that it follows that G* X must
be separable, whence problems such as in example [35 won’t arise, and a separable dual is a sufficient
condition for measurability of slow spaces. Another proof with an emphasis on volume growth is the
noninvertible result of Blumenthal in [1| where a flag is obtained with no separability assumptions
but with a much stronger uniform measurability condition for the cocycle.

Given measurable spaces A and B write M(A — B) for the space of measurable functions from
A to B. Let F be the Borel sigma algebra induced by the strong operator topology on X. The
space SM of strongly measurable functions consists of measurable maps with respect to this choice
of sigma algebra:

SM(A = B(X)) = M(A — (B(X),F)).

Write Ge X = {V < X : dimV = k} for the Grassmannian of subspaces of dimension k. Given
T € B(X) define the slowest growth of vectors in a given subspace under T":

g(T, V) =gr(V) = inf |Tz|,psT = sup gr(V).
z€Sy VegpX

The py, are called Bernstein numbers in the work of Pietsch [13], which gives an overview of similar
kinds of statistics in Banach spaces. Given a strongly measurable forward-integrable cocycle £ on a
Lebesgue probability space there are decreasing sequences (x;)ien and A; of invariant functions

Xk = nh~>n;o %pk‘c((un)a A= X1, )‘i-‘rl = Xinf{t:xt<A;}-

While there are countably many x; there may only be finitely many \;s, referred to henceforth as
the Lyapunov exponents. The main result, an extension of the semi-inveritble result to separable
Banach spaces, may now be stated:

Theorem 3. Let (2,0,X,L) be a strongly measurable forward-integrable random linear dynamical
system with (Q,0) an ergodic invertible map on a Lebesgue probability space and having Lyapunov
exponents (x:i)21 and (Mi)iq, where 1 < L < oco. Then for each 0 < | < L there is a direct
sum decomposition into equivariant spaces X = (@Kl E; (w)) ® Vigyi(w) with the By : Q@ — Gy X
measurable, m; € N and having

L10g 1£87 ) 1, S log inf{[| L5V ]| : 2 € Spy(w)} = Ay

and
Vilw) = {z € X : lim log|lcVz|| < A}
n— o0

The projection 11 : X — @j<i E; parallel to V; is strongly measurable and tempered, that is to say,
limy, oo %log |[MIony|| = 0 almost surely. There is a nontrivial decomposition, L > 2, exactly when
v =limp00 Xn < A1.

The choice of construction method for the Lyapunov exponents is a fundamental aspect to each
proof: in |14] x; are written simultaneously using finite dimensional singular value decomposition,
while by contrast in [10] the first Lyapunov exponent is defined according to the asymptotic growth
rate of HL(,J")H followed by the Lyapunov exponents being first described as the asymptotic growth
rate for nonzero elements of the fast spaces in the statement of the thorem. While singular value
decomposition is no longer available in these contexts, some construction must be written down that
may be viewed as reminiscent of a proof of the singular value decomposition of a transformation.
The work presented here explicitly relies on a notion of singular values for arbitrary elements of
B(X). Given a T' € B(X), sufficient conditions on these singular values for contracting fast growing
regions of Gx X under the action V +— TV are derived. A modified version of Kingman’s subadditive
theorem is established and used to guarantee the asymptotic growth rates of the singular values of
L'fd") over appropriate discrete time intervals.

The results from past papers stated thus far have not required ergodicity. Throughout the rest of
this paper, ergodicity will be assumed, simplifying the classification of invariant functions, although
all results as is typical may be formulated with this assumption dropped. In this Banach space
setting, the main theorem yields in a trichotomous classification of forward-integrable cocycles on
separable Banach spaces: one of

e [ fails to be quasicompact, with x; = v for all ¢ € N - no fast spaces may be detected



e [ is quasicompact, with finitely many finite dimensional fast spaces growing at rates A; > --- >
AL > Ap+1 =V
e [ is quasicompact, with a countable sequence of finite dimensional fast spaces growing at rates
A > >
These three possibilities just correspond to situations where there are no, finitely many or countably
many fast spaces. The number v is an alternative choice to the typical index of compactness Kk =
limy, s 00 %HE&") |lc that proves simpler to work with in this proof. In the appendix it is verified that
these quantities are equal, so that the final result represents an extension of the result of Lian and Lu
with the injectivity assumption dropped, avoiding measurability or domain concerns. In particular,
the advantages of the current work are in its brevity, the preciseness of the conclusion and the use
of an intuitive geometric perspective.
The author is indebted to Anthony Quas for his enthusiastic encouragement and guidance through-
out, and to an anonymous referee for giving multiple useful suggestions.

2 The Grassmannian

When discussing subspaces of X, we may also consider the space of subspaces of X they lie in:

Definition 4. Given vector spaces U,V < X with U@V = X, write Hy v for the projection defined
by v (u+v) =u for any u € U and v € V. The Grassmannian is defined as the set

GX ={V closed < X : there ezists a projection X ~» V with ||TI]| < oo}
={V closed < X : there exists W < X with ||IIyw| < oo}.
GX may be metrised by any of a few equivalent choices of distance between spaces, such as the
Hausdorff distance between unit spheres. G X C GX has already been defined. Write GFX = {v <
X :codimV =k} C GX.
Lemma 5. Suppose that X is a Banach space. Then
o [f X is separable then G X is separable and complete.

o If Q is a measurable space, E € M(Q — Gy X) and A € SM(Q — B(X)) then the pointwise
pushforward w — A(w)E(w) is measurable.

Proof. Completeness is established in section 2.1 of chapter IV of |7]. The pushforward result is
established in corollary B.13 of [4]. O

Lemma 6. If we take B = B(X) then we have the following characterisation of the space of strongly
measurable functions:

_ ] ) for each x € X,
SM(Q — B(X)) = {z:. Q— B(X): (@ Loz) € M(Q 5 X)
Proof. Lemma A.4 of [4] checks the equivalence of these conditions. O

The following is readily verified:
Lemma 7. Let T € B(X,Y) and S € B(Y,Z). Then
gr(V)gs(TV) < gsor(V) < min{||T|v |lgs(TV), gr (V)| S]]}
In Banach space the product of the p;s may be shown to be equivalent to a submultiplicative
notion of fastest volume growth:
Lemma 8. Define D, € M(B(X) — R) by

k
Dy(T) = sup H d(span{Tu; }j<i, Tu;).
uyp, - up €Sy =1
Then Dy is submultiplicative, and there are constants ¢ < Cx such that
k

c Dy < sz‘ < CxDyg.

1=1

Proof. See [5]. O

We make use of the following straightforward construction:

Lemma 9. let Q be a measurable space. Suppose that {zn}nen C X for some measurable space X .
Then if we can write down a measurable set S, C ) for each n € N such that Un Sy, = Q then there
is an associated measurable N: Q@ — N given by N, = inf{n : w € S, }. Further, the map w — xn,,
is measurable.

This principle is applied to check measurability in the context of spaces which are separable.
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3 Measurable statistics for linear operators
Lemma 10. Let X be a normed space. Then g: B(X) X G X — [0,00) is continuous.
Proof. Let € > 0. Here use the following metric inducing the product topology:

d((S, V), (T,W)) = IS = T|| 4+ d(V,W).

First note that g is continuous at (0, V) for any V since ¢g(0,V) = 0 and if d(V,W) + [T — 0| < €

then g(T, W) < e. Otherwise, the projection onto the sphere psT = nTlnT is continuous. Let € > 0.

Since g(T, V') = ||T||g(psT, V') for nonzero T, it suffices to check g is continuous on Sp(x) x Gx X. Let
(S7 V)? (T7 W) S SB(X) X gkX

be such that
d((S,V),(T,W)) = IS =T| +d(V,W) < e.
Since V and W are finite dimensional their spheres are compact and we may choose an x € Sy with
[ISz| = g(S,V). Choose a y € Sw with ||z — y|| < e. Then
g(T, W) <[ Tyl < IT = Sl + 1SNty — )| + [ Szl
<e+e+g(SV).
By the same argument swapping (S, V) and (T, W) then, g(S,V) < g(T,W) + 2¢ and continuity

(in fact, uniform continuity) on Sg(x) X GpX is clear. Thus g is continuous on B(X) x G X as
required. O

Corollary 11. The quantities pr : B(X) — R are measurable functions.

Proof. The pi, may now be written as the supremum of the functions {T' — ¢(T,V) : V € G, X}
which may be written as the supremum of a countable family since G, X is separable. O

Lemma 12. Grassmannian contraction estimates: Let T € B(X) with pp+1(T) < pr(T) and © €
(pk+1T, piT). Suppose that V,W € G X are choices of fast growing spaces:

gr(V),gr(W) > ©.
Then

2 Pr+1T
1— Pr+1T e
)

d(TV, TW) <

In particular, if © > 2px41T then
T
ATV, TW) < 4"’%.
Proof. If V = W there is nothing to prove so assume otherwise. Let a € V\W. Then W @span{a} €

Gr+1X so that there is some a —b € W @ span{a} with b € W and gr(a —b) < px+17. Set c=a —b.
By fastness ||a| < @ and ||b]] < @.

ITell < llellprT < (lall + 16l px+2T

[Tall + [|70]]
< 4 T
> o) Pk+1
2||Tall + ||Tc
< AUTal +|Tel 7
S}
So that 9 T
Pk+1
[Tell < 1maT 6 [Tal|.
Then since a isn’t in the kernel then d(H;—ZH,TW) < ”;2“ < ﬁ%. Since the choice of a
1- 2L
was arbitrary,
2 pre+1T

dTV,TW) < —57 =5
]

Lemma 13. Let k € N. Then there is a measurable U : G X — Gp_1X such that U(V) < V.



Proof. Let {U1,Ua,---} be dense in Gi_1X. Suppose V € G X. Let so(V) =1 and

si(V) =inf{s: sup d(v,V) < 2" and d(Us,Us,_,(vy) < 2"} for i > 0.

’UESUS
In other words, U, (v is the first member of the dense collection to fall in the nonempty open set
Bo1—i(Us,_,) N U By—i(W).
WEG,_1 X: W<V

Then Us, is Cauchy and so the pointwise limit of measurable functions Us,(v) is convergent to some
measurable U(V') € Gy_1X. Further, SUDyesy, vy d(v,V) < 27" for any 4, so U(V) < V. O

Lemma 14. Let k € N. Let U € M(GrX — Gi—1X) with U(V) <V as guaranteed by the previous
lemma. Then there is a measurable b: Gx X — Sx such that U @ span{b} is the identity on G X.

Proof. Let {x1,z2, -} be dense in Sx. Let to(V) =1 and
ti(V) = inf{t : d(U(V) @ span{az:},V) < 27" and ||zt — ¢, , || < 2" 7"} for i > 0.
Again we get that x;, converges pointwise to some measurable b with the desired properties. O

Applying this result recursively we obtain the following:
Lemma 15. Let X be a separable Banach space. Then for every k > 0 there is a measurable map
b: Gy X — S% such that for each V € Gp X,
V = span{bi(V)}e.

Lemma 16. Let V € G*X with bounded projection T1 : X — V. Let T € B(X). Then pri(T) <
pl(T [¢] H)

Proof.

pr+1(T)= sup gr(U)< sup gr(UNV)
UeGrp X UeGp X

= sup  gr(U)= sup gr|,(U)
UeG<pi1,>1V ueg, v

= sup gron(U) < pi(T oII).
UeGv
O

Lemma 17. Let X = E®V = E' @ V' with corresponding projections 11 : X — V € G*X and
': X - V' €GFX. Let T € B(X) such that II'oT = Toll, and suppose further that gr(E) > ||T|v||.
Then pi(T o T1) < 4|V |4 (T).

Proof. Make use of the inequality p;(T o IT) < ||I1||p;(T)v ). Let U € G,V with gron(U) > e “p(Ilo
T|lv)=e “pi(T|v). Let © € Sygr. Observe that ||II'Tz| < ||II'||||Tz| and similar for 1 —IT' so that

I Tel (-1 Tal] orn (@)l oz (B~
I T]| 2 max{ Sy, Sy ) 2 max{ #H =, 5 om

2>ty max{grn (V) [a|], gr (B)||1 — M|}

1) x
I) H}

S e (Tly) I 1l > & PTV) o e=cprom
Z T4 max{|| $||7||( )$||}— 4”1—[/” = 4fjm’my -

We may then conclude that gr(U) > %ﬁﬁ?‘) with € > 0 arbitrary, so that p; (T o II) < 4pi44(T o

I0) ||TT' || ||TT|| as required. O



4 A balanced subadditive ergodic theorem

Consider a decomposition of the interval [a,b) = [a,c) U [¢,b) C Z. In discrete time, where these
intervals represent different intervals in which dynamics may occur. Given a cocycle £ : Q — B(X),
for fixed w and each b > a € Z we may define the map L,—p(w) := £879)  which may be thought

of as the evolution rule for X from time a to time b. Under this notation it is easy to see that for
any a < c< b€ Z, Loy o Loy = Lassp. The inequality ||Lasss|| < || Laselll|Les|| holds. Taking
log of each side, one obtains the following triangle inequality-like bound on the growth of points in
X from time a to b:

fa—sv(w) :=log [[ Lol <log[Lamse| +10g [|Lemstl| = fae(w) + fesp(w).

Definition 18. Let F = {fn}nen, C M(Q — R) satisfy

frtn (W) < frm(0"w) + fa(w).
Then F is referred to as a subadditive family of measurable functions.
The following view is useful:
Definition 19. A subadditive family {fn}nen, generates a stationary subadditive process {fo—p :
a < b,a,b € Z} and vice versa via the relation
fasb = fo—a 00

A subadditive process is a collection {fo—b}a<vez € M(Q — R) such that for alla < c<b€Z,

fa—»b S fa—»c + fc—>b7
and the stationarity condition is
fatiobil = faspo 0
As such both notations may be interchanged as appropriate. A similar formalism is outlined in [9].

The Kingman theorem concerns subadditive families of functions, here a slight refinement when
the underlying transformation is invertible will be required.

Theorem 20 (Kingman [8]). Let (Q,0,P) be an ergodic system and let { f}nen C L'Q be subaddi-
tive. Then there is a constant C' € [—00,00) such that

Lfu(w) = C = lim %/fn

pointwise almost everywhere.

In the case where o is invertible, one easily obtains the following useful corollary:
Corollary 21. Let (Q2,0,P) be an invertible ergodic system on a Lebesgue probability space and let
{fatnen C L'Q be subadditive. Then

lim L fn.(07"w) = lim I fu(w)

pointwise almost everywhere.

Proof. Simply set gn = fn 00~ ". Then g, is subadditive with respect to o~ !:

Gmn(@) = fruin (07T W) <fin (07 TVw) 4 fr (0™ )
=gm(07nw) + gn(“_,v)7

so that certainly there exists some L such that % frnoo™™ — L. It remains to check that this limit
and £ f,(w) — L’ coincide. Let € > 0. Then there exists an N such that

Plw:Lfu(w)e (L —¢ L +¢€) >

1
2
and
Pw: +gn(w) = 5 fu(o "w) € (L —¢, L +¢€)) > 3,

T n

so that the set
{w: %fn(anw) e(L—eL+e)}N{w: %fn(w) = (L/ —e L + €)}
has positive measure, whence |L — L’| < 2¢. € was arbitrary though, so that L = L'. O
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Kingman’s original result may be modified in a few directions. One may very rapidly obtain the
following, which may be found in |2]:

Lemma 22. Let {fn}nen € L'Q be a subadditive family of functions. Then
1 — i L
Zfno2n = C = lim E/f"
n—oo
Proof. The lower bound is immediately clear, since

%fna2n(w) > %(fOHZn - fOAn) —2C -C=Casn— oco.

On the other hand, let € > 0, then since %f fn — C there exists some N such that for all n > N,
%ffn < C + e Given some fixed n > N and some j < N, set j = | ] and break up the interval
O,n)=Mnn+j)Umn+jn+j+N),---Un+j+Et-1Nn+j+[F]N)U[n+j+|[F]N,2n).
Applying subadditivity in this manner

t

froon <faontj + Z frtjtiNontit+1)N (W) + fatjrtNn
i=0

t
<SN|filoo" (@) + D fv oo™ TN (W) + Sx|fil 0 0™ TN (w).
=0

The above is valid for all j € [0, N), so averaging and dividing by nN we obtain

L fnan <2(Sn|filo o™ + Sn|fi| oo™ M)+ L Sufn oo™

—n

<2+ ﬁn(N(C +e€))
for sufficiently large n. Since € was arbitrary, the result is proven. O

A similar result for f_,,_,, will be crucial to the main result. The proof here uses the following
lemma, which is a simplified version of result 3.9 in |15]:

Lemma 23 (Backward Vitali). Let (Q,P, o) be an invertible ergodic system on a Lebesgue probability
space and € > 0. Suppose that there is a sequence of integer valued functions jix € M(Q — No) such
that ji(w) — 0o as k — co. Then there is a measurable A C Q and a measurable j € M(A — Np)
such that for every w € A there is a k with j, = jr(w) and writing I, = {o'w : 1 € {—ju,  ,ju}},
the I, are disjoint and

P(|J L)>1-e

weA

Theorem 24 (Kingman’s theorem for balanced intervals). let (Q,0,P) be an ergodic system with
invertible base, and let (frn)nen be subadditive sequence of measurable functions on Q2. Then

ﬁfzn(afnw) — C = lim %/fn

n—oo
pointwise almost everywhere.

Proof. Kingman’s theorem immediately yields an upper bound: since
ﬁfgn(afnw) < ﬁ(fn(afnw) + fn(w)) — %C + %C
it is clear that -
C = limsup 5 fan (0~ "w) < C.
n— oo
If C = —o0 then there is nothing more to show. Otherwise,

ot = limint 3 o 00" (07)

> lim inf (g (famsn) 00~ "V (W) = f200" (W)

> liminf 5= fon 0 0" (w) — limsup f2 0 0™ (w)
:Qw - 07

whence C < C is constant. Fix e > 0. It is sufficient to show that C —e < ©(C, €) where O(C,€) — C
as € = 0. The set of j such that f_;_,; is small is infinite, so denote the ordered elements

{1 f=jmi(w) <25(C+ )} = {jr(w) - k € N}



Since f is integrable, it is uniformly integrable and so there exists a § > 0 such that if P(A) < § then
J4 f < e Apply Backward Vitali to the jis and the —j;s with parameter ¢ := min{e, d} to obtain
an A C Qand a j: A— N according to theorem |2 E such that writing B = Q\ U I, we have

P(B) < ¢ and so
/ ffL < €.
N\Uupea Lo

While every j(w) = ji(w), for some ¢ so that for every w € A,
foi@)=iw) (W) < 25(C +e).

Write Ax = {o71“)(w) : w € A}. In addition we may define measurable maps T € M(Q — N) by

wEA

r—(w) =inf{t € Np : UweA}
ri(w) =inf{t >r_(w) €Ng:o'we AL}

r_ is the earliest nonnegative time such that 0"~ (“)w is the start of a period at growth rate guaranteed

close to C, r4+ by contrast seeks the first time in the past which was the end of such an interval.
Each are almost surely finite since P(A+) = P(A) > 0.

The idea of the next step is that [0, n) may be measurably broken up into intervals of slow growth
and with small gaps inbetween. Set by = 0 and recursively iterate along the orbit for ¢ > 0:

aiw) = r- (6" w),

bi(w) = 1y (1),

For any m € Ng we may set ¢, (w) = max{t : by(w) < m}. Since j and r+ are measurable and
the tm(w) — oo as m — oo, it is p0351b1e to pick an N such that for all n > N, P(j > N) < 1€,
P(t, = 0) < 3¢’ and P(r+ > N) < +€'. Let n > N. The orbit of w is considered over the followmg

intervals of times:

[0,7] =[0, a1(w)) U [a1(w), b1 (w))U
[b1(w), a2(w)) U [az(w), b2 (w)]U

Bt ()1 (W), At () (W) U [@t,, (@) (W), b, (w) (W)U
[btn(w) (UJ), TL)

Time a; — b; is guaranteed to have low growth:

fai @)= (@) (W) < (bi(w) —ai(w))(C,, + ),
and in addition there is a good chance that the gaps between the a;s and the b;s won'’t be too large:
P(ai(w) > N) =P(r-(w) > N) < 3¢
Since r_ seeks the endpoints of the periods of guaranteed growth, it holds that either r—_(c"w) =
n — by, () (w) or tn(w) = 0. Therefore,

P(n — by, () (w) > N) <P(r_(c"w)

Set
A={a1>Norn-—b,(w)> N},

so that it is immediate from above that P(A) < €. Given some measurable g write S,g = 37" goo".
We then repeatedly apply subadditivity to fo_n:

fn(w) =foon(w)
L(fosar@) F far@) by ) + 0+ Jar@)=sbe,, () + for, (0)sn) (W)

tp (w) tn (w)

Z fai(@)—bse) (@ Z o 1@ sas@) (@) + for,, () =n (W)

tn(w)
Z —ai(w))(C +¢)+
btn(w)(w)
Z 1g(a'w)fio o’ + fo, (. @) —n(w).
i=ai(w)



In the case where t,(w) = 0 the first two terms are empty sums. Outside A it is guaranteed that
[0,a1(w)) C [0, M) and [b;,, () (w),n) C [n — M, n). Therefore

(C+lpelo’) + 3 1(0'w) fi(0'w)+

i=0

n

fa(w) <

< 11

n—1

(fl@' @) +ICl+ e+ > (fil(e'w) +1C] +e)+

i=n—M

.
o

La(w)Snlfil(w)
=(C+ €)Snlpe(w) + Sn(fils)(w)+
Sl fil(w) + Sulfr 0 0" M |(w) + 1a(@)Snl fil(w).

It remains to check that each of these terms are small enough to yield the result when we divide
through by n and integrate:

5/}Q+ew¢hy@o+szagﬁxw):A;«Q+fn3c+fuB)

—(C + OP(B) + /B ]

max{(C +¢)(1—¢€),C+e}+e
(C+e)+e(C]+6) +e

ININ

and

%/(SM|f1\(w)—&-SM\flOU"_M\(w)+1A(w)5n|f1\(w))
=2 [ @nnl+Mia) + 2 [ sin
A

n—1
2Me
<741
*n+"glﬂm
<2Me

+ €.

Putting these together we obtain

2M
(C—¢) < %/fn S(C+e)+e(|Q|+e)+e+TE+e
Q
—C + (34 |C|)e as n — oo.
Letting ¢ — 0 we obtain C' < C' as required. O

Even if a family f, isn’t subadditive, if slightly weaker inequalities can be written down these
results can still be applied. Quantities that can be written as the differences of families of such
functions also have such quantities converge.

Lemma 25. Let sequences of measurable f,, and g, satisfy the following weak subadditivity condition:
Jman(W) < fn(0"w) + fo(w) + C, gmn(w) < gm(o"w) + gn(w) + D.

Then writing hn = fn + tgn,
Lhnoo, thanoo " Lhy — lim %/fnﬂ lim %/gn.
n— oo n— oo

Proof. The map f), = f» —nC can be seen to be subadditive by subbing f;, +nC into the inequality
fn satisfies. Then 1 f/ tends to some L, and thus 1 f(n) to L+ C. Additivity and scalar multiplicity
follow as standard properties of limits. O

The growth statistics of a given cocycle can then be checked to converge.

Definition 26. Given a random linear dynamical system R = (Q,0, X, L), write
Aw(z) = limsup = log £ 2| € [—o0, 00).
n
Write m; for the multiplicity of \i, ie, m; is defined as the largest m € N such that

Xm1+~-+'m,',_1+m = AZ

9



Lemma 27. The quantities \;, xi and v are almost everywhere constants. Further, A2 exists if and
only if \v > v.

Proof. Consider the following choices of sequences:

fr(w) = log pu(£L7),
gn(w) = log £ |-

In |5] pr is defined (written there as Fj) and it is shown that there exist numbers Cj such that for
any operators T, S € B(X),

k k
H pi(SoT) < Cy H pi(S)pi(F),

whence the existence of the desired limits are guaranteed by noting that

k k—1
fr(w) =log [ [ pi(£5Y) —log T pi(£5)
=1

=1

converges with an application of The second statement is a consequence of the definitions
v =limne0 Xn a0d A2 = Xmin{t:xe<x1}- O

5 Decomposing a cocycle

The tools obtained thus far are now used to decompose quasicompact cocycles.

Lemma 28. Let R = (Q,0,X,L) be a strongly measurable random linear dynamical system with
ergodic base on a separable Banach space. Suppose that L satisfies the quasicompactness condition
v < 1. Then there is a unique measurable choice of fast space E : Q@ — Gy, X for which the following
hold almost surely:

o equivariance: L, E(w) = E(ow)

e \(z) = A1 for every z € E(w) \ {0}

e lim,_ oo %logg(ﬁ(wM,E(w)) = A1.

Proof. Since X is separable, by claim [5| G, X is separable: choose some dense {F;}ien C Gm, X.
Let € € (0, £(A1 — A2)). The sets

A ={weQ:gL?) B >e pr(L?) )}
are measurable and cover ), since for fixed w, density of the E;s and continuity of g.n) means

. . (2n)
that we may find an ¢ with g(ﬁa_nw,

provides measurable functions

E;) as close to py (ll((f_",),,w) as we please. Then claim@ above

(W) =inf{i e N: g(L£P") [ E) > e pp(£P) )},

oW’ oW

E(n) (w) = EL<"')(/J7
and the pushforward

™ (w) =7 n) E(n)(w)

o w

is also then measurable by claim
First, we establish that this sequence is Cauchy, and therefore convergent, to a family of spaces
E e M(Q — Gm, X).
For almost every w € ) the fastest m; dimensional growth rate
%log pk(ﬁan,)nw) — A1 by Kingman’s claim

Llog pr(LY) = A1 again by claim 20] applied to o,
5 log pr (L ") ) = A1 by the balanced version, claim 24

o w

and

o "w o "w

(L) = g (B™ (W) > e (L)

—ng

10



Thus for each w in this full measure set we may choose M,, such that for n > M, we can usefully
estimate growth under £ in a few cases:

1L, L L] € (enPrm9) entate),
g(£m) B (w)) € (29 g2nitay

and
ne

HLU_(""'l)w” <e
Applying the inequalities in claim [7] then,
gL, B™ ()

(n) (n) oW’ n(A1—3e€)
T

and 2n)

g(ﬁafﬂ,w,E(n)(w)) S on(A1-3¢)
n) Z€ '

£ l

o w

g(clm, Lt EM (W) = g(£5, B™ (w)) >

In addition, £, —(ns1), E" T (w) is also guaranteed to have fast growth under Efyn,)nw:
n+1 ~(n
gL BTV (W)

|
>e(n+l)()\173e)efne > en()\1746) )

gL, L i BT (W) >

o "w -

E(™(w) consists then of the image of vectors that were fast from time —n to 0, and will grow fast
from time 0 to n. Then by claim [12| with © = e"(*17%9) we have
d(E™ (@), B (@) =d (£07, BT @), £, (£, in BT ()))
en(/\2+e)

<4m<6

—n(A1—Ag—5¢€)
Thus E™(w) is Cauchy and convergent since G, X is complete, say to E(w).
To prove equivariance, observe that for n > max{M.,, My}, we find E"*V(ow) is fast under

ﬂ(")

—ngt

g(L ) B (gw))

—n,

HE ” > e(n+1)()\176)efne > e’ﬂ(>\1726>'

g(ﬁ(") E~'<"+1)(0w)) >

o w’
Then, once again, by closeness of images of fast spaces,

d([,(n) E(n+1)(o_w)7 E(n) (w)) < efn(Alf)\Qf?)e),

o w

whence
d(B™T (ow), LLEM™ () =d(£" D, EM (0w), L, E™ (W)

o—(n+1),
<e™ed(L™ E" (ow), E™ (w))

o—(nt1)y,

—n(A1 —Az—4e)
<e s

so that L, E(w) = lim, e LoE™ (w) = E(ow).
To check that E(w) is fast, choose € Sg(.). Then since for n > M., we have d(E™ (w), E(w)) <

—n(A1—Az—¢)

e (172279 for each such n we may choose an ., € Spm) ( With [z —za| <e Since

z, € E™(w) and g(Lﬁ,")7 E™(w) > e™*1739 it then follows that,

1£8 2l 2[5 @]l = 1£5 (2 — @)

26”<A1736) - efn()\lf)\zfe) ||££Jn) H
= [|£3 ]| > Lenae),

Thus we may conclude that as well as being equivariant, E(w) is fast for all sufficiently large n; since
the choice of = was arbitrary the growth is uniform:

g([,‘(‘,"), E(w)) > P19,

11



On the other hand, for n sufficiently large we also have
(L8, Bw)) < pr(LEM) < e,

whence 1 log g(ﬁ&n), E(w)) — 1. Finally, we check uniqueness: Suppose that E(w) and E’(w) are
both equivariant and fast, so that for every w there is some N such that for n > N,

9,00 (B@)), 9,00 (E' (@) > "7,

Define ¢ € M(2 — [0,1]) by p(w) = d(F(w), E'(w)). Applying lemma for almost every w we
have

p(o"w) =d(B(0"w), B'(0"w)) = d(LLY B(w), L5V E'(w))

pk+1£4(un)

onO1—0 — 0.

¢ tends to zero along all orbits. Therefore the sets {¢(w) > €} all have measure zero, whence ¢
vanishes almost everywhere and E = E’. (]

The following lemma provides the top fast space for a general quasicompact cocycle:

Lemma 29. Let R = (2,0, X, L) be a quasicompact, semi-invertible random linear dynamical sys-
tem. Then there exists a forward-equivariant decomposition X = E(w) @V (w) , where V : Q — GFX

and the corresponding projection is a strongly measurable IL : Q — B(X). V is a slow growing space:
1

limp,— oo 5 log |\££,")|V(W)H — X2 almost surely. Finally, I, is tempered.
Proof. By claim [15| we may choose a measurable family of bases
(bi)k_y : Gm, X — Sk.

Write v;(w) = b;(F(w)) which is itself then measurable. Let {(gi;)f=1};en be dense in R¥. Let
T; € M(Q2 x X — X) be defined by

k
Ti(w, ) =2 — Y qivi(w),
i=1
so that for each w € Q, the collection {T'(w,-)} is dense in translations of X by elements of E(w).
Let € < (A1 — X2). Define ¢,, € M(X \ E(w) — N) for n € N by
tn(w, @) = inf{j € N: L5 Tiz|| < € pria (L)) | Ty }-

A sequence of nonlinear maps II™ € M(X — X) may then be defined piecewise by

if E
e (2) = 0, if z € E(w), . and
T,, (w,z)T otherwise,

P (z) =z — 10 (2).
To see that ¢ is finite on X \ F(w), first note that the set
{Tjz:j € N}

is dense in the set S = F(w) + x. The set

lE n
U = {y € BE(w) ®@span{z} : L0y < 2 prra (L) |y}
is open and scale invariant - for every 6 # 0 we have U = U, so
U =(Ew)+z)NU

is open and nonempty in S, whence
U' N {Tjz}; #0,
so that an ¢, (w, z) may be found in finite time. To see that ¢, is measurable, note that

{1 m) = (J{w2) 1287 Thal| < e proa (C5) 1£57 T}

i=1

12



Let x € Sx. Immediately from the definition, PMzx e E(w). By convergence of the %log pks, for all
n greater than or equal to some N,

15T @) < 4O I,
||£(n+1)H(n+1)(I)H < e(n+1)(>\2+6)”H(n)x”

€

[£onw]|l < e™ and

9pm (B(w)) = "7,
In addition there is an easy bound independent of x € Sx on HE,”>:
T 2| <[l=l| + | P57
<L+ e M9 £0) PN g |
<1 e NI (e + 1280 TE )
<1+ e~ A1—€) (en(A1+e) 4 P2t ”H&n)x”)’

which rearranged yields

1 4 62ne < eBne

(n)
HHW IH = 1 — en(A1—A2—2¢) —

Consider differences between successive approximate slow components:
[T (@) = 115 (@) || =[|PS" Y (@) = P (@)
n+1 n+1 n

el P e — PEY ()|
= 9,0 (B(@)
e8P @E e — 1l ()|

9pm (B(W))
Sem (DT (L0 () | 4 (15T (@)])

<em MO (£ [£5TE (@)]] 4 P2 I (2)])
<67(n+1)(/\17>\2736) (eSne + e3(n+l)e)

Se*(n+1)(z\1f>\2776)7

whence gaps between subsequent points decay exponentially, so that (H&")(x))nEN forms a Cauchy
and thus convergent sequence. Set

IL,(z) = lim O (x).
Note that IT,Sx is then bounded, since
[Tz|| = lim [Tz
m—r o0

<Mz + lim OS2 - T (2)
m—r o0

e~ N(A1—A2-7¢)

3Ne
< -
N e v v

the final line being independent of choice of x. Not only then is oz convergent, but we have the
estimate

o ) ) —n(A1—A2—¢)
Hf,.;n) — 1, < HL(,_;H+Z> _ H&nﬁ»zfl) €
[T | <Y x zl <5

i=1 T—ehimheme
I, is linear: to see this let b,c € X and t € R, and set
d =T b+ te) — Iy — tI1Me.
Certainly d € E(w), since
d =11 (b + te) — (b4 te) + b — Vb + te — T e
=— P (b+tc)+ PMb+tPMe € B(w).

13



Then applying the estimate for HSJ")
ld} <e™=)£5 )
<e "L (b te) || + (L5 TIEY ()] + £ T e
< O (I (b4 1) + b+ 11 )

<e MR (ML, (b + te) || + |[Tbl| + || TTucll+
e—n()\l—kz—e)
(116 + tell + [1bll + litel) 7

W)%Oasn%oo.

Thus d = 0 and I, € B(X). By construction II,E(w) = 0. On the other hand, P, X = F(w) since
for any x € X and n € N we have z — H&")x € E(w). 1L, is then idempotent, since for any x € X

Iz — Mz =11, o Pyx € I, E(w) = {0},

and is thus a projection. Set V(w) = II, X so that X = V(w) @ E(w). For all n > N,, and any
x € V,,(z), because of the exponential rate of convergence there is a sequence of approximants

||xn 7 (L‘” < Cwefn()\lf)\zf'?e)

with
152, € [0, e 32T,
Therefore,
15| < 125, Ml =zl + L5 < e"P2F59,
whence

L8|y (|| < €275

for n > N,. By the definition of A2, it is possible to choose Y, € Gy, 4+1(w) with %gc(w") (Yn) — A2,

52|l = Ao

which means by dimension counting that there is always some x,, € Sy (4)ny,, With %Hﬁ
and so

2 log L5 v ()|l = Ke.
Further, the map w + Il is strongly measurable, since for each z € X the map w — Il,x is the
limit of a sequence of measurable functions.

To see that V(w) is equivariant it is sufficient to show that P,, o L,z = 0 for all z € V(w). If
this were not the case, then £,z would have a nonzero component in E(ow). From this is would
follow that A, (z) = A1 which would contradict the fact that \|E£,")|V(w)|\ < 2489 for sufficiently
large n.

As for temperedness of the projections: Since I, is bounded pointwise we may choose an A C Q
of positive measure on which ||IL, || is at most some M > 0. Then define a new cocycle £’ by

[:l_ ﬁwOHwifweA’
¢ L otherwise.

Then L, is forward-integrable since

/log+ 15l S/log+ ||£|\+/10g+M<00-
Q Q A

Since A has positive measure, there is almost surely an n such that £’ E,")E(w) =0, and so

£'Mx c V(e"w).
We may then conclude that for each z € X, \,(z) < A2 and \] < X2. Applying lemma [22] to the
subadditive families g, = log [|[£S”|| and g}, = log ||£'("|| there is an N; such that for n > Ny,

L0 sonll < €™P2F9 and || Ln_san|| > ™17,

Clearly £}, _ 9, # Ln—an since the latter has a greater norm. Therefore there must be some j such
that

’ ’ l
Ln—)Zn = [/n—>j © Hajw ° Lj—)Zn = £n~>2n ollng.

In addition, there exists an N2 such that for n > Na,

9pm (B(o"w)) € (6”0‘176)’6"01+6)).
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As a final condition, there exists some N3 € N such that foralln > Ns, g, (E(w)) € (enPr1=9) gnAite)),
Let z € Sx. Putting these together, for all n > max{N1, N2, N3, %}7

| Ponesa|| <e™" LS, Pona|
<e " L8 x| + 1L8, on )
Se*n(/\l—e) (en(AlJrs)HIH + ‘|£;_)2nwm‘|)
<e TN (T L) [l
Sezne _"_efn(Alf)\ngs) < esne_

€ was arbitrary and the norms of IT and P differ by at most 1 so £ log || Ponw ||, £ log [[TIgne || — 0 as
required. (|

Corollary 30. V(w) =V(w) = {z € X : A(z) < X2}

Proof. Llog 12571y ()| = 0 establishes the fact that V(w) C V(w). Conversely, any € V(w) \
V(w) would have P, (z) # 0 so that A, (z) = A1, contradicting the definition of V. O

6 Proof of main result

Finally, we may conclude with the main result, a well behaved decomposition of the space acted on
by a random linear dynamical system:

Proof of thorem[3§ The decomposition is obtained inductively. At each stage it is shown that if ;41
exists, there exists an equivariant decomposition

X = E<i(w) ® Vit1(w)
with E<; € SM(w — Gum, X) and bounded projections

HiJrlw X — ViH(w) and
P, : X — Egi(w).

The existence of the top fast space has already been established - here denote this E<2(w) @ Va(w)
with measurable projections Iz, and Pa,.

Suppose that the statement is true up to i = [ — 1. If \; = v then we are done, so suppose
otherwise - that there exists A\;+1 > v. The projection II;, is pointwise bounded, so that there exists
some M > 0 such that A = {||IL;,|| < M} has positive measure.

ﬁl _ LWOHZW7UJ€A,
© L., otherwise.
As before £’ is forward integrable. Write X, x}, \;, v/, E; @ V', M/, P’ and II' for the asymptotic
growth rates, Lyapunov exponents, decomposition, fast space multiplicities, fast projection and slow

projection with £’. There almost surely exists an N € N such that for each n > N, the followng
hold:

o £/ =M oI, = Mgny, o LY.
° HHJHWH < et
o 9,00 (Bw)) > 1£87 vyl

Therefore applying lemm and [17to £/ = £ o I1,, for each k the following holds:

P (£57) < pi(L'87) < AT | 1T | s ar, (£87) < 4e™ | Tl pignr, (£57),

whence xar,+1x = Xj and v = /. Further then, mj = mytr and A + k" = Apyy. Set Vipi(w) =
Vi(w) N V'(w) and 41, = I, o IT;,. Write E<;(w) = E<i(w) + Ei(w). The equality £, = L,
holds on V;(w), whence A, = M\, on Vj(w). Since A has positive measure, there is almost surely
an N such that for all n > N, £/{VEo(w) = 0, £/t X € Vi(w), and £'MX C Vi(o"w). We

may then conclude that for each z € X, A, (z) < U):l and \} < N. As such, for each i < I,
have E;(w) C V'(w). As for Ej(w), by equivariance Ej(w) = £’ E(c™"w) C Vi(w). Thus

o "w

X = Ea(w) @ Ei(w) @ (Vi(w) N V(@) = Ba(w) ® Eyw) ® Vig (w).

15



Let

II;41 is then also tempered:
0 S %log ||Hl+la"w|| S % log ||Hlo-“w|| + %log ||H:,.an — 0.

€ > 0. There exists an N such that for n > N, ||Pan ||, [|[TILn, || < €™ and so for all z € X we

have max{|| Pon o, L5V 2|, |Tno, £V 2|} < 1L 2.

For

Rearranging this last inequality and letting x € E<;(w),
12572 > e max{|| Pon o, L5, [T, £57 2}
>e " max{||£0" Plal, | L5V T2}
e max{e" M| Pl "Iz}
>e e M) max{|[T, x|, | Pha||} > e 2.

n > max{N, L log2} it follows that 9,m(E<(w)) > e"*1739  The characterisation

Vis1(w) = {z € X : limsup < log 1252 < Mg}
n— oo

holds.
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Appendix: Equivalence of growth statistics

The Gelfand numbers may be defined by sx(T) = infycgr—1x ||T|v||. Throughout this section we
assume T € B(X).

Lemma 31. p; < si.

Proof. Let € > 0. Choose V € G, X with gr(V) > pi,(T) — €. Then since any W € G*71 X intersects
V nontrivially, suppose z is a unit vector in the intersection. Then pi(T") < ||Tz|| < ||T|w|. W was
arbitrary so pi(T) < si(T). O

A better bound than the following may be found in the work of Pietsch on s-numbers [13|:

1
Lemma 32. For all k, s, < 47 1((k —1)!)2 py.

) 1
Proof. For k = 1 each quantity is just the norm of T, so equality holds. Write ¢; = 4*~*((i — 1)) 2.
Suppose that the proposition holds for each | < k with k& > 2. Choose U € Gx_1X with gr(U) >
(1 — €)pr—1(T), so that in particular

gT(U) Z (1 - 5)ck_1sk_1(T) Z (1 - E)Ck_lsk(T).

1
Choose a complement TU @ V = X with II = IIpyv such that ||[II|] < (k — 1)2 4+ e Since
T~V € GF7' X, we may choose & € Sp—1y with ||Tz|| > sx(T) — €. Set W = U @ span{z} € Gp X
and let a = b+ tx € Sw. Applying T,

7ol [[tT=|
[[TT]] 7 ]2 — T
>(1+VE— 1+ ¢~ max{(1 — e)er—1s(T)[[bll, s (T) (1 — o)1}
>(2vVE —14¢) 7 (1 = )er—1 max{|[b], [t[}
(1 — E)Ckfl Sk(T)

4vVk—14¢€)

a was arbitrary so the final line is a lower bound for gr(W). € was also arbitrary, so that pr(T) >
ﬁl\/msk(T) = CkSk(T). D

|Tal| > max{

v

Lemma 33. The Gelfand numbers satisfy

1
sk(T) 2 k2 ||T e

Proof. Let V € G¥~'X. We may by the theorem of Kadets in |18] choose a complement V oW = X
with [[TIyyw|| < vk — 14+€. Then ToIly vy is finite rank, so ||T||c < |T =T oy v || = [|[ToIlyw| <
IT|v Ty ywll < IITv]|(Vk — 1+ €). Taking the inf over such V' and letting € — 0 we obtain the
bound. O
Lemma 34. The index defined at the start of this article agrees with the usual index of compactness
S

lim xn =v=r= lim logl|L
n—o0 n—oo

Proof. Since p dominates the compactness seminorm up to a multiplicative constant, x < xj for
every k € N so certainly x < v. It remains to verify that k > v. There exists a § > 0 such that for
all P(A) <4, [,log||£]| < §. Choose N sufficiently large that

P(IL e > M) < 6.
Choose r sufficiently large that
1
P(G) = P(L{Bx may be covered by at most ™ V"2 palls) > 1 — 6.
Set fn(w) =loginf{t > 0: L{VBx is covered by €™ t-balls}. In this case

Fmin(w) <loginf{ab: LBy is covered by "™ a-balls, and £L{7) Bx by ¢"™ b-balls}
=fn(w) + fm(c"w)
so that the family is subadditive, [, fi < [, log||Ls]| < oo and

%/fNSH%H%/ log [|£0]] < ki + Le + Le.
Q Ge

Thus we may apply Kingman again to obtain that % fn(w) = C < k+e. Almost surely, for sufficiently
large n we may guarantee the following:
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1£87]e < ent+9

e Thereis a V € Gy X with e V) > e Oxe—e)
ll(meX is covered by at most e ™59 _balls
e™e > (2k)*.

Choose a basis of unit vectors z; for V' with d(z;,span{z;};<;) = 1. Write

2en(m+e) 4en(n+e)
L8l (1287 |

k
A={) ami:a; €{0,% : o hlail < £} CBx
i=1
If two members a = ZZ a;x; and b = El bix; are distinct then there is a maximal j < k with a; # b;.
Then

la — bl > |a; — b;|d(Lz;, £ span{z; : i < j}) > ") > ||£M|...
The points in £V A are then of distance at least 2e™"t¢) > ||££,") ||c apart, and there are at least

k k
(n)
Al = I I %LHEW %HJ > (2k)7k | | en(xk—e)=nlnte) _ nk(xy—r—3¢)

ROCETIIN
i=1 i=1

of them. Each member of a cover of llg,")B x by ™"+ _balls contains at most one element of A, so
the cover has cardinality at least "X+ ~%739) On the other hand, this quantity is bounded by e"":
e > 6nk(xk7n74e).

Taking log and rearranging we obtain

r
k< ——m.
T Xk — Kk —4e

In the case that xr > k + 5¢, it must hold that k < Z. This bound on k shows the number of xs
greater than k + 5e¢ is finite, whence xx | Kk = v as k — . O

Example 35. Let Q = {+1}” and 0(w)n = wny1. Let X = £'(Ng). Let Lo, (z) = (37°, wizs,0,0,---).
It is then easy to verify that E, = span{(1,0,---)} with Ay = 0. Let w,w’ € Q so that w # +w'.

Then there are i # j with w; = w'; and wj = —w';. Then the x € £*(No) which has z; = 1,2; = —1

and x; = 0 otherwise will be in exactly one of Vi, or V., but has distance at least 1 from the other.

The family {V,, : w € Q} C G' X is then a discrete uncountable set. Taking open balls around each

V., any subset S C Q with S = —S is a preimage of some measurable subset of G X, whence V isn’t

measurable.
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